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INTRODUCTION 


The young student approaching the end of his preparatory or high school 
work, as well as the student beginning his work at college, is confronted with 
the difficult task of choosing a college course which will give him the best chance 
of a happy college experience combined with adequate preparation for a career 
which is at once satisfying and rewarding. Young men and women who have 
been particularly successful in high school and early college mathematics, who 
have found problem-solving fun, will often ask what kinds of jobs there are for 
college graduates with mathematical training, and what kinds of courses they 
should take to qualify for these jobs. 

This report is designed to aid the young student who is considering mathe- 
matics as a career; to give him some idea of the types of work mathematicians 
or persons with considerable mathematical training do in universities, in busi- 
ness, and in government; and to suggest to him the types of college preparation 
he will need for these various positions. 

For a student thinking of choosing mathematics as a career it is important to 
point out that early undergraduate mathematics with its emphasis on solving 
problems is quite different from the pure mathematics studied in a university 
and pursued by research workers who are professors at universities. This latter 
mathematics is largely concerned with logic and abstract ideas; and the solution 
of problems plays very little part. People of real stature in this kind of mathe- 
matical research find their place as professors at our great universities; for it is 
in teaching particularly that advancement to the highest levels requires dis- 
tinguished performance in research. For people of less creative talent there are, 
however, many opportunities for interesting and rewarding work as secondary 
school and college teachers. In fact the greatest number of openings for col- 
lege graduates will be found here. But the professional opportunities for stu- 
dents with training in mathematics are very broad, and an attempt will be made 
in this report to discuss the major areas in which young mathematicians may 
find employment. The space which is given to the various types of work is in 
no sense an indication of their importance. It does reflect the amount of in- 
formation which may be useful and which is not usually available to college 
undergraduates and their advisers. 

For a college graduate with only a bachelor’s degree in mathematics it will 
be seen that there are substantial professional opportunities in industrial and 
government positions, as well as in secondary school teaching. Experience on 
the job, accompanied by some formal training, will frequently equip such a col- 
lege graduate to qualify as an assistant to a senior worker in industrial sta- 
tistics or in government mathematical research, while the actuarial profession 
provides a regular series of steps, described in Part V of this report, by which 
one can qualify as a full-fledged. actuary. In industrial laboratories, however, 
only the relatively uninteresting computing jobs are usually open to a person 
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without the Ph.D.; and university professorships, as well as research jobs in 
industry and government, virtually always require advanced graduate train- 
ing and the equivalent of post Ph.D. research experience. 

In the separate parts of this report, stress will be laid on the importance of 
college training in fields other than mathematics, related to the particular work 
to be undertaken. In this general introduction it will be remarked only that 
the mathematician, to be effective in industry, government, or university, must 
be a well-rounded person; that while courses in analytic geometry, calculus, 
and differential equations constitute a common mathematical background of 
all scientists and engineers, a selection of courses from physics, chemistry, engi- 
neering, biology, psychology, statistics, and economics will usually be neces- 
sary to make the mathematician effective in applied work. In industry and in 
government the scientist and the engineer work in close cooperation; in actuarial 
work, and in many fields which offer jobs to young people with statistical train- 
ing, a sound background in economics is of great value. 

Thus the purpose of this report is two-fold: to suggest the types of positions 
available to young people with mathematical aptitude and training; and to 
urge such young people to broaden their horizons, and secure as sound and as 
deep a general education as the opportunities available to them will permit. 

The report is divided into five parts. Part I is devoted to teaching in high 
school, college, or university. Part II explains the character of mathematical 
and applied statistics, and tells about career opportunities for young people who 
have suitable training at college to work in fields which rely heavily on sta- 
tistical procedures. Part III discusses the role of the mathematician in an in- 
dustrial laboratory; and Part IV tells about the work of mathematicians in 
government. In Part V a description is given of the work which is done by 
actuaries, and of the special preparation which many insurance companies make 
available to assist college graduates to qualify for the profession. 

In each part, the character of the work is described, suggestions are made 
concerning the college courses which will assist the student to prepare for pro- 
fessional work in the field under discussion, and a rough estimate is given of the 
ranges of salaries which are now paid to those who are successfully employed in 
that kind of work. 

The separate parts of this report were written by experts in the activities 
covered. No attempt has been made to secure uniformity at the expense of sup- 
pressing the valuable experience or judgment of the writer. The bibliography at 
the end of the report provides material which may assist the reader who wishes 
to secure further information; the number of items in the bibliography on a 
given subject reflects only the available additional reading which was known to 
the committee. Numbers in parentheses in the text refer to items in the bib- 
liography. 
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PART I: THE TEACHER OF MATHEMATICS 


Not so long ago it could be said truthfully that the main opportunity for a 
life work as a mathematician was as a teacher of the subject. Although this is 
no longer true to the degree it once was, it is still true that most students in 
college who are training themselves for a career in mathematics are planning to 
teach it, either in a secondary school or in a college or in a university. It will be 
convenient to consider the opportunities for such a career under the two cor- 
responding headings. 


1. Teaching mathematics in school. There is a great demand for properly 
qualified teachers of mathematics in our schools. The obvious need for the sub- 
ject in the natural sciences, the increasing demand for it in the social sciences, 
as well as the realization that it forms an integral part of our cultural heritage 
make it evident that many properly trained teachers will be needed. It is clear 
that such a teacher will have to know much more than merely the subjects that 
he expects to teach in school. To be properly prepared the prospective teacher 
must therefore take such college work in mathematics as will enable him to 
understand the fundamental principles of mathematics; he should also take 
courses that will broaden his mathematical outlook as much as possible. Theory 
of equations should be included; and courses in projective geometry and non- 
euclidean geometry will enable the teacher to give the student a true apprecia- 
tion of geometry (and indeed of mathematics in general); perhaps experience 
with this broader viewpoint toward geometry will even encourage the teacher to 
improve the traditional courses in geometry. A good course in the history of 
mathematics might also be desirable. The standard courses in calculus and dif- 
ferential equations are naturally essential, not only because they introduce the 
student to the fundamentals of analysis but also because they enable him to 
study and appreciate the application of mathematics to the natural and other 
sciences. 

In this connection it is necessary to urge the prospective teacher to take as 
much work as he can in other sciences, as well as in engineering, economics and 
the social sciences. For it is essential that a teacher have an appreciation of the 
relation of mathematics to other fields and that he be a well-rounded individual 
who can take his place in the community as an educated person. It may also be 
of immediate practical value, for the teacher of mathematics may be asked to 
teach a subject other than mathematics itself—indeed, he may find that one of 
his duties is coaching, say, the football team. More frequently, perhaps, a 
secondary school teacher of mathematics is expected to teach physics or chem- 
istry. In addition to the work that has just been described the student will have 
to take certain required technical courses in educational methods; what these 
are depends on the laws of the state in which he wishes to teach. In certain 
private schools such courses are not required but the beginning teacher may be 
given the status of an apprentice teacher for a year or so. 

It should be pointed out that a successful teacher in any field must have a 
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real liking for his job, he must be genuinely fond of young people and he must 
be willing to teach his students as well as his subject. The teaching of mathe- 
matics is no exception to this general statement. Indeed it is probably true that 
a teacher of mathematics must be especially on the lookout to overcome the 
well-established misconceptions about his subject and its teachers. But the 
teacher who is well-equipped with an understanding of the subject will have the 
excitement of bringing to young students new adventures in mathematics that 
will kindle in some, at least, a real devotion to the subject. 

Although teaching has, in general, been poorly paid, the situation has been 
gradually improving; and some states now set a minimum salary of $2400 (or 
even higher) for the beginning high school teacher who has an A.B. degree. 
Young graduates now entering teaching often find that salaries there are better 
than any others available. Moreover the teaching profession, through its rules 
of tenure and possible pension systems, offers a certain measure of security 
that is lacking in some other professions. 


2. Teaching mathematics in a college or university. In order to become a 
teacher in a college or university it will be necessary for the student to do work 
in a graduate school and, as a general rule, he will be required to obtain the de- 
gree of Ph.D. Such a person should be well grounded in the various branches of 
mathematics and he should have a thorough understanding of its relations to 
other subjects as well. His mathematical work in college should be sufficiently 
diversified so that he will have at least a background in the disciplines of 
analysis, geometry and algebra. He will then be prepared to continue this work 
in graduate school and select some special field in which to do research for his 
doctorate. 

The college teacher of mathematics has the responsibility of training the 
mathematician of the future, namely, the very person who will be interested in 
the opportunities that are described in this report. He will also teach students of 
the natural sciences and engineéring who look upon mathematics as a tool sub- 
ject, and he will teach students who study mathematics for its cultural value or 
perhaps just for the fun of it. Although a college teacher of mathematics is not 
likely to be called upon to teach subjects other than his own, he will be a better 
teacher of his subject if he has benefited from as broad and liberal an education 
as possible. In this connection prospective teachers of mathematics should 
keep in mind the present trend toward “general education” in the liberal arts 
colleges. It is clear that mathematics should play a vital role in this important 
development, and especially well prepared teachers will be needed to handle the 
courses involved in such a program. 

In addition to doing his teaching, the college teacher of mathematics is gen- 
erally expected to be a productive mathematician, that is, he is expected to com- 
bine research work in mathematics with his teaching. The relative importance 
that will be attached to these two aspects of his work will be different for dif- 
ferent institutions and will vary from one individual to another. Thus a pro- 
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fessor of mathematics in a university will probably consider his research to be 
the most important part of his job; he will perhaps do very little teaching at all 
and will do most of that in graduate courses on his own specialty and in guiding 
graduate students in their research work. For a university has a two-fold obliga- 
tion to the world. In addition to the important duty of disseminating accumu- 
lated knowledge, it has a still more important function, namely, the extension of 
knowledge beyond its present boundaries by means of the ever continuing search 
into the unknown. A field of knowledge in which there is not a continuous growth 
and expansion soon becomes sterile and dies. Every time a problem is answered, 
a host of new questions spring up to trouble the inquiring mind of the scientist. 
The university must offer opportunities for the continual search for the answers 
to these questions. 

In a college, on the other hand, a professor of mathematics will often think 
of himself primarily as a teacher who will, to be sure, try to keep abreast of 
new mathematical developments and who may possibly also do some research of 
his own. It is sometimes hard for the beginning student of mathematics to realize 
that the subject is by no means a closed one and that a great many questions 
remain to be investigated. Many of these problems are of great difficulty, 
while others are of more routine character. In any case large quantities of new 
mathematical results are being published in the United States and abroad as 
the student can verify by taking a casual look at any one of the standard 
mathematical journals or at Mathematical Reviews. The attainment of the de- 
gree of Ph.D. involves the completion of a piece of original research and the 
prospective college teacher should consider carefully whether he is fitted for a 
career in which such research plays a more or less important part. 

The financial remuneration of a college or university professor varies greatly 
with the institution. The beginning salary of an instructor with a doctor’s de- 
gree might be about $3000 while the maximum salary of a full professor may 
range from $5000 to about $15,000, although only very few will be found in the 
higher brackets. Although a college professor is not likely to become excessively 
rich, he will enjoy the pleasures and advantages of an academic life and he will 
have the security that is afforded by tenure rules and pension plans. 


PART II: OPPORTUNITIES IN MATHEMATICAL AND 
APPLIED STATISTICS 

1. Introductory comments. Mathematical statistics is a branch of mathe- 
matics which has received a great deal of attention in this country during the 
last 25 years. It has been developing in Europe for more than a century. It deals 
with the mathematical examination and study of various kinds of statistical 
problems which arise in scientific research, in social and economic investigations, 
in business and industry, and in government work. Statisticians who deal with 
those problems are of two main classes. One is the class of mathematical statis- 
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ticians who deal with the general mathematical theory of the combination of 
observations, testing hypotheses and estimating unknown quantities with ac- 
curacy specified in terms of probability, and the design of efficient experiments 
for obtaining such tests and estimates. Mathematical statisticians also work out 
methodological procedures for applying the theory. The other class is repre- 
sented by the applied statistician who concerns himself with the application of 
statistical methods already known in one or more fields. He is often an expert in 
some field of application (a biologist, an economist, a sociologist, an industrial 
quality control engineer, etc.) who has enough statistical training to apply or 
adapt statistical methodology to his own field. Often the same individual will 
function both as a mathematical and an applied statistician; this is especially 
the case on the higher levels. 
The best index of the recent growth of interest in mathematical and applied 
statistics is provided by the growth of membership in national societies con- 
cerned with mathematical statistics and its applications. The American Sta- 
tistical Association, founded over 100 years ago, had 1700 members in 1935; now 
it has nearly 5000. The Institute of Mathematical Statistics, founded in 1935, 
now has over 1100 members. The American Society for Quality Control, an 
organization founded in 1946 for fostering the application of statistical methods 
in industry, now has nearly 3000 members. The Biometric Society, formed in 
1947 for promoting the use of mathematical and statistical methods in the bio- 
logical sciences, has about 900 members. Similar organizations for economics 
and psychology, namely, the Econometric Society and the Psychometric So- 
ciety, were formed in the early 1930’s and now have approximately 900 and 300 
members, respectively. Other societies have varying degrees of interest in the 
application of statistical methods to their problems, such as the American Public 
Health Association, the American Marketing Association, the American Socio- 
logical Society, and the American Association for Public Opinion Research. 


2. Opportunities for personnel trained in mathematical and applied statis- 
tics. Since the war there has been a considerable number of opportunities for 
the teaching of mathematical and applied statistics in the colleges and uni- 
versities of the country. In an inquiry made in 1946 by the National Research 
Council Committee on Applied Mathematical Statistics among academic stat- 
isticians at 27 leading universities, 135 requests had been received since the end 
of the war for persons to fill academic positions in statistics. These requests 
were for men at the Ph.D. level with a major in mathematical statistics or with 
a major in such fields as agronomy, biology, economics, or psychology, and a 
minor in mathematical statistics. The positions to be filled ranged from in- 
structorships to full professorships. Although no systematic inquiry has been 
made since 1946, the scattered evidence indicates that the demand for such per- 
sons has hardly diminished. 
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The training of mathematical statisticians involves a considerable amount 
of advanced mathematics. The requirements in mathematics include real and 
complex variables, linear and quadratic forms and matrix algebra, m-dimen- 
sional Euclidean geometry, measure and integration theory. These mathematical 
subjects are essential for a full understanding of probability theory, which is 
the foundation for advanced mathematical statistics. There are very few uni- 
versities which give adequate graduate training in mathematical statistics at 
the present time. To prepare for these advanced courses, the student who hopes 
to become a mathematical statistician should be sure to include in his early 
undergraduate courses a strong group of mathematics courses. Moreover the 
student who is interested in applied statistics as a career would be well advised 
to include at least mathematics through the calculus. 

The training of the applied statistician is based on various courses in ap- 
plied statistics together with substantial training in the fields to which he ex- 
pects to apply his statistics. Courses in applied statistics beyond the usual in- 
troductory courses in statistics include analysis of variance, design of experi- 
ments, quality control and engineering statistics, biometry, survey sampling 
and its applications, economic statistics, and psychometrics. Various combina- 
tions of these applied statistics courses are being given in a considerable number 
of colleges and universities at present. In a few cases they are given in sta- 
tistics departments, but in most cases they are given in the departments whose 
students have the greatest interest in them. 

The demand for statistically trained persons in business, industry, govern- 
ment and other non-academic fields has been no less than in the academic field. 
The non-academic fields which account for most of the recent growth of interest 
in statistical methods are (a) industrial statistical quality control, (b) research 
in the biological sciences, (c) collection and analyses of government statistics, 
(d) market research and commercial sample surveys, and (e) psychological 
testing. There are also other fields in which there is an increased need for stat- 
isticians, such as finance and taxes, labor and employment, prices, production, 
and national income analysis. 

Of all these fields, industrial quality control has grown fastest. Statistical 
quality control methods were initiated about 25 years ago by Bell Telephone 
engineers for the purpose of maintaining uniform quality of the thousands of 
kinds of pieces of telephone equipment required by the telephone system of the 
country. These statistical methods were introduced widely and rapidly into 
many mass production industries during the war. At the present time they are 
being introduced into chemical and other industries. The training requirements 
for personnel to meet the needs of statistical quality control work consist of one 
or two courses in engineering statistics in addition to the usual chemical, elec- 
trical, and mechanical engineering curricula. 

Interest in statistical methods in the biological sciences has also grown 
rapidly in recent years. Statistical analysis is being more and more widely ap- 
plied in agricultural experimentation, biological assay, public health studies, 
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and medical research. The training required for this work is at the graduate 
level in one of the biological sciences, with a minor in statistical methods. 

In the field of government there has been a considerable increase of statistical 
activity in such fields as sampling surveys in census work, economics, social 
security, and labor statistics. Sampling methods are becoming more and more 
widely used as an effective and economical way for obtaining information needed 
in government work. Experts in sampling methods require graduate training in 
mathematical statistics. 

Statistical methods have long been used in business operations. One of the 
most important recent developments has been the application of sampling sur- 
vey methods to business problems as a means of gathering many kinds of social 
and economic information for commercial purposes. Manufacturers and market 
research firms spend large sums of money every year to determine consumers’ 
buying habits, brand preferences, opinions, etc., for use in making business deci- 
sions. Magazine and newspaper research organizations, radio and television 
broadcasters and advertising agencies make studies of reading and listening 
habits for use in guiding editorial and advertising policy. Sampling methods are 
playing a fundamental role in obtaining this kind of information. Statisticians 
with training in economics and the social sciences and in the applications of 
sampling theory are being sought for this kind of work. 

Psychological testing is another rapidly growing field strongly dependent on 
statistical methods. This field is concerned with the development of tests for 
the selection of personnel for various purposes. Tests are becoming widely used 
not only in the selection of candidates for schools of all kinds, but also for the 
selection of personnel for many kinds of positions in the trades and professions. 
The modern theory of test construction is broadly based on statistical method- 
ology. The training required is graduate-level training in psychology and 
statistics. 

There are probably more opportunities in business and government for 
women with statistical training than there are in college and university teaching. 
For example, about 10 per cent of the members of the American Statistical 
Association are women. There are some opportunities for women with such 
training in industry. For example, approximately 4 per cent of the members of 
the American Quality Control Society are women. 


3. Financial remuneration in mathematical and applied statistics. Salaries 
for personnel in mathematical and applied statistics at the B.A., M.A. and 
Ph.D. levels of training are very similar to those in other branches of mathe- 
matics and the physical sciences. Academic salaries for beginning instructors 
in mathematical statistics with Ph.D. degrees range between $3000 and $4500 
per year. Salaries for these same persons in government and industry are some- 
what higher. Maximum salaries for professorships in mathematical statistics in 
various universities range up to $18,000 or $20,000 per year depending on the 
institution, scientific achievement, etc. Maximum salaries in the government 
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are approximately $11,000 per year while the maximum for positions in busi- 
ness and industry may be somewhat higher. Further information about salaries 
in government will be found in Part IV. 

Beginning salaries for students trained to the B.A. or M.A. level in mathe- 
matical or applied statistics range from $2400 to $3600 per year, and the posi- 
tions are usually in government, business or industry. These persons, especially 
those trained to the B.A. level, often play the role of assistants to more highly 
trained persons. 


PART III: THE MATHEMATICIAN IN AN INDUSTRIAL LABORATORY 


1. Introductory comments. In industry the number of mathematicians is 
relatively small even though the use of mathematics is extensive. Engineers and 
physicists often use mathematics in the course of their experimental work. Most 
of this mathematics is elementary, including calculus and perhaps differential 
equations; some is decidedly advanced. Nevertheless these men are primarily 
engineers and physicists and not mathematicians. Those who major in mathe- 
matics are unlikely to have sufficient training in physics or engineering to 
qualify them for jobs in this category. There are also engineers and physicists 
who are doing little experimental work or none at all; and some of these are 
thought of by their experimental colleagues as “mathematicians.” In fact, the 
dividing line between theoretical physicists and engineers on the one hand and 
industrial mathematicians on the other is not sharp. The former may be de- 
scribed as physicists or engineers strong in mathematics, and the latter as 
mathematicians strong either in physics or engineering or both. 


2. The activities of an applied mathematician in industry. Industrial mathe- 
maticians act primarily as consultants. They are seldom responsible for engineer- 
ing projects, for such a responsibility does not require the special talents and 
knowledge they possess and does require the varied experience which they 
usually do not possess. Whenever a mathematician becomes responsible for an 
engineering project, he ceases to function as a mathematician and becomes an 
engineer. As a consultant he works with engineers and must be able to under- 
stand their language since he is a specialist whose language is difficult in the 
opinion of his engineering colleagues. He can learn their language and point of 
view simply by reading elementary engineering textbooks which they study in 
schools. As a consultant he has to work on the more difficult problems. He should 
be able to formulate them, and he should be able to suggest experiments when 
necessary. In fact, his help in design of experiments is often sought. Thus in ad- 
dition to being strong in analysis he should acquire a supporting background in 
mechanics, electrodynamics, aerodynamics, etc., depending on the particular 
field of his activities. Since he is most likely to work in a research laboratory, 
imagination and originality are even more important than specialized training. 
Most industrial mathematicians are Ph.D.’s or possess an equivalent training. 

Opportunities for B.A.’s and M.A.’s in mathematics alone are limited 
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largely to the field of computing, since such persons do not normally possess the 
qualifications for employment either as engineers or as physicists or as in- 
dustrial mathematicians. Frequently the work consists solely of routine com- 
puting. In some computing groups, however, the work is more varied and inter- 
esting, perhaps involving the evaluation of integrals and solution of differential 
equations by numerical methods, the analytical solution of simple differential 
equations and systems of equations, or the solution of more difficult mathe- 
matical problems under guidance of a senior member of the staff. Opportunities 
for advancement (in this type of work) are restricted, and anyone who likes col- 
legiate mathematics but does not wish to pursue a complete graduate course 
and who wants to work in industry rather than be a teacher would be well ad- 
vised to major in physics or engineering and take as much mathematics as the 
curriculum permits. In this way he is more likely to find a job to his liking. Al- 
ternatively a B.A. or M.A. in mathematics is advised to acquire a B.S. in 
engineering or physics. This is particularly true of men since many industrial 
laboratories employ only women to fill positions in their computing groups. 

One who is thinking of choosing mathematics as a career should be warned 
that there is a vast difference between the points of view in early collegiate 
mathematics and in postgraduate pure mathematics. The first is largely “solving 
problems,” while the second is concerned primarily with logic and philosophy. 
It is quite possible that he who likes one type of mathematics may dislike the 
other. Advanced applied mathematics is more like the early collegiate mathe- 
matics in that it concerns itself with the solution of problems. This difference in 
the points of view may help the mathematics student to decide in his senior or 
first postgraduate year whether he would like to continue studying pure mathe- 
matics and be a teacher, or applied mathematics and be either a teacher or an 
industrial mathematician. If he wants to be the latter he should also concen- 
trate on further studies in physics. 

A prospective mathematician considering an industrial career will wish to 
know something more specific about the kind of activities he is likely to engage 
in. These vary from place to place and from individual to individual, but solving 
problems arising in the course of his consultations with engineers and physicists 
is a typical daily activity, just as teaching is a routine activity of a teacher. 
Some teachers do little teaching and are engaged in extending mathematical 
knowledge. Likewise some industrial mathematicians do not merely participate 
in current engineering research but engage in evolving new mathematical meth- 
ods for solving problems and in other creative research on a level equal to and in 
some fields surpassing the best academic research. In many instances the 
mathematician has considerable latitude and freedom in his work. The in- 
dustrial mathematician writes reports for internal consumption which contain 
solutions of his problems and results of his other work. The most important of 
these he publishes in engineering or scientific journals. In larger laboratories he 
may occasionally give courses of lectures to his engineering colleagues. 
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3. The kinds of ability and preparation needed for industrial mathematics. 
What kind of mathematics do industrial mathematicians use? It would be a 
mistake to say that they use only advanced mathematics. It is true that, in 
assisting engineers in solving their problems, mathematicians are most likely 
to use advanced mathematics since the more elementary problems would be 
solved without their assistance. But in research “such simple processes as 
algebra, trigonometry and the elements of calculus are the most common and 
the most productive. They frequently lead to results of the greatest practical 
importance. The single sideband system of carrier transmission, for example, 
was a mathematical invention. It virtually doubled the number of long distance 
calls that could be handled simultaneously over a given line. Yet the only 
mathematics involved in its development was a single trigonometric equation, 
the formula for the sine of the sum of two angles.” [17] Next in the order of 
importance are linear differential equations with constant coefficients which are 
used extensively in studying vibrations of linear mechanical, acoustical, and 
electrical systems consisting of “lumped” elements. The theory of functions of a 
complex variable is employed in electric circuit theory, propagation of waves on 
wires, gravitational and electric fields as used in prospecting for oil, aerody- 
namics, etc. Partial differential equations and their solutions in terms of 
orthogonal functions such as Bessel functions and Legendre functions are also 
widely used. To these may be added Fourier and Laplace transforms. Among 
the less frequently used subjects are: calculus of variations, integral equations, 
matrix algebra, Boolean algebra, etc. These are the basic types of applied 
mathematics common to all fields-of application. In addition there are types 
with a special physical flavor: mechanics, dynamics, elasticity, potential theory, 
fluid flow, electrodynamics, etc. 

An applicant for a job is not expected to be conversant with specific fields of 
activity in industrial laboratories, but he is expected to be equipped for attack- 
ing these problems effectively. Here, imagination, originality, and ability to 
make simplifying assumptions without sacrificing the practical value of the 
results count more than specialized training. To indicate the kind of problems 
industrial mathematicians are working on we shall mention a few. In the aero- 
nautical industry, for example, the problems are in aero-elasticity, turbulence, 
viscous flow and boundary layer problems, vibrations and stability, supersonic 
aerodynamics, jet propulsion and rocket propulsion. In the oil industry a 
mathematician may work flow problems in reservoir studies, circuit problems in 
seismology, interpretation problems in seismology, potential problems in 
gravimetry and magnetics. In electrical manufacturing there are structural and 
dynamic problems, such as strain, creep and fatigue in machine parts, vibration 
and instability in turbines and other rotating machinery. There are also elec- 
trical problems in refining the design of generators, motors, transformers, and 
miscellaneous instruments. The communication field is the one in which mathe- 
matical methods of research have been most widely used. The problems are 
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varied in character: electrical, acoustical and mechanical. Mathematical ac- 
tivity is most intense in designing wave filters and equalizers, in studying trans- 
mission by wire and radio, in providing a rational basis for the design of instru- 
ments such as transmitters and receivers, vacuum tubes, television scanning 
devices, etc. Most activities consist in solving specific problems. In addition 
there are long range activities in developing more effective methods of handling 
various classes of problems. Mathematics is invading general thinking about 
communication; a basic theory of information and its transmission is being 
developed. 


4. Salaries of mathematicians in industry. Salaries for computers range from 
$200 to $350 per month depending on experience. Starting salaries for industrial 
mathematicians (with a Ph.D. degree) are between $4500 and $6000 per year. 
Mean salaries in industry are higher than in teaching and in government 
laboratories. Maximum salaries are also higher than in government laboratories 
and in most universities. Some universities, however, compare vary favorably. 


PART IV: MATHEMATICIANS IN GOVERNMENT 


1. Similarities and differences between government and industrial labora- 
tories. The government, like industry, has its laboratories where it carries on 
research programs related to its special needs. Thus the Mint must concern it- 
self, in emergencies like a war, with the development of alloys which will pre- 
serve the important properties-in-use of coins (e.g., usability in turnstiles and 
other coin boxes), while using little or no scarce metals. Many agencies of the 
government have some research activities, and in great numbers of these mathe- 
maticians play a part. As in industrial laboratories, the trend is toward an in- 
creasing use of mathematicians and mathematical statisticians. 

Much that has been said about the role of the mathematician in industrial 
laboratories applies here. The essential differences are those which arise pri- 
marily from the fact that the mathematician in government has a civil service 
position, with all its strengths and weaknesses; and from the fact that the total 
spread of government activity covers a very wide range, so that a greater variety 
of opportunity exists. One additional point should be mentioned. Many mathe- 
matician posts in the government are not in laboratories where a major re- 
search activity is in progress, but are in an executive branch of the govern- 
ment like the Census Bureau. Such posts may be largely scientific. They may, 
however, be devoted primarily to what has come to be known as “scientific 
administration,” the administration of contracts for research which is actually 
carried out by industry and by the universities. Of the $625 million spent for 
research by the Federal government in fiscal 1947, less than a third was spent 
for investigations within Federal laboratories. 

This investment by the Federal government in research which is actually 
carried out sometimes by industry and frequently by the universities, has 
created a kind of university employment for scientists (including mathemati- 
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cians) which cannot be covered adequately by the discussions of the activities 
of teachers given in Part I of this report. Much, but not all, of this type of work 
is under contract to the Department of Defense. It is frequently carried out in a 
specially constituted part of the university (like « “Research Institute”) by 
persons having no teaching assignments; and there are often opportunities in 
such activities for junior persons who are interested in applying their mathe- 
matics to military and other problems of interest to the government and who 
may spend part of their time in graduate study. A few industrial laboratories 
have been set up specially to handle this type of work. In certain of these there 
is somewhat more emphasis on mathematics apart from its engineering applica- 
tions than in most industrial laboratories, but there are relatively few oppor- 
tunities here for junior personnel. When special research problems are under- 
taken by well established industrial laboratories for the government, the oppor- 
tunities for mathematicians are in no essential way different from those de- 
scribed in Part III. 


2. Levels of work carried on by mathematicians in the government. If a 
young man or woman enters government service (or the service of a university 
working on a government contract) as a mathematician or statistician im- 
mediately after graduation from college, his job will almost surely have some 
computational aspect. Finding numerical solutions of differential equations, or 
some very similar problem, is likely to be assigned to him. In general it is ex- 
pected that the beginning mathematician will perform miscellaneous duties 
which are specifically assigned and which involve a variety of standard mathe- 
matical techniques. Assignments typically are confined to a few related processes 
and require a minimum of mathematical judgment, although they require sound 
collegiate training in mathematics. The usual courses through differential equa- 
tions and some work in mathematical statistics are desirable. 

As one proceeds to positions in higher grades—and one can qualify usually 
by a combination of experience and study—the level of work becomes more 
difficult, and the responsibility greater. Most frequently, as in industrial labora- 
tories, a combination of mathematical competence with sound training in some 
field of physical science or engineering is needed for promotion beyond the GS-9 
level (see p. 17). A student of mathematics would be well advised to take ac- 
count of this fact in choosing his courses at college. 

It should also be pointed out that many Federal agencies have, as is true of 
many effective industrial research organizations, recognized the economic value 
of providing educational opportunities for scientists, particularly for the younger 
workers. There is an increasing tendency toward in-service training directed to 
improving the technical competence of scientists in fields related to their jobs. 
Extensive cooperative arrangements with educational institutions for evening 
and other part-time technical courses for Federal scientific employees are being 
made [18], and some agencies have statutory authority to detail their em- 
ployees to colleges and universities for training. 
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3. Types of assignment, and mathematical background required. The types 
of mathematical work carried on in government posts are extremely varied, 
and call on the widest background of training in mathematics. For an assign- 
ment on one of the senior levels, a Ph.D. in mathematics or mathematical sta- 
tistics and a good deal of maturity in mathematics and in applying mathe- 
matics to physical or engineering problems are practically essential. Some indi- 
cation of the types of problems which are dealt with will be attempted. 

Mention was made earlier of computing as an activity of a junior mathema- 
tician. Actually, there are phases of computing appropriate to all the levels of 
professional activity. The need to get numerical answers to real problems which 
can be solved only approximately (not exactly, like many of the problems in 
school where the exact answer is in the back of the book) makes extensive 
computing necessary. Many problems have in the past been solved by very 
rough approximations because the amount of computing was prohibitive. Now, 
a new development in large high-speed computing machines (the “mechanical 
brain” sometimes mentioned in the newspapers) promises to make it possible 
to improve greatly the accuracy of our approximations to some of the most 
difficult problems. But new mathematical results are needed in order that these 
machines may be used effectively; and the government has a research program 
involving professional mathematicians at the highest levels who are trying to 
secure some results in this direction. Thus computing involves mathematical 
work at all professional levels. 

Similarly there are applications of mathematics in preliminary studies of 
designs of all types of engineering equipment. These studies extend from rela- 
tively simple equipment to complicated structures like airplanes and ships. 
And there is a corresponding variety in the professional levels of the mathe- 
maticians working on such studies. Activity of this sort is carried on in many 
military development programs in an attempt to secure the best operating char- 
acteristics with the least experimental cost. 

Mathematical statistics is playing an increasingly important role in govern- 
ment establishments in the design and analysis of experiments, and in the ac- 
ceptance of materials purchased for the government. Thus there are positions 
at all levels for well-trained persons in this field. 

A new activity in government which has a considerable appeal to well- 
trained mathematicians is referred to as “operations research.” This attempts 
to provide a scientific basis for operations and management decisions. Although 
many problems in operations and management are not subject to mathematical 
solution, mathematical and statistical methods can frequently give a decisive 
insight into the essential issues which are involved. The primary government 
activities in this connection are concerned with problems of military operations, 
logistics, and strategy, and in the study of optimum methods for employing the 
complex equipment of modern warfare. The possibilities of this technique ex- 
tend to program planning and management also, and adaptation of mathe- 
matical methods to a wide variety of such problems is under way. 
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What of the position of women? As in industry, there are many women in 
the lowest levels, where the emphasis is on computing under relatively close 
supervision. In the higher levels, because it is relatively hard to secure a well- 
qualified mathematician for many government positions, the heads of agencies 
usually welcome women if their qualifications are much better than those of the 
available men. There are heads of units in government, as well as in business, 
who consider a woman a bad risk at any except the lowest levels. But once a 
woman is established in a higher level job, she is usually fully accepted. 

Clearly there are counterparts in government of many of the activities car- 
ried on by private industry, and there is a legally protected security in the job. 
Working conditions are in most cases comparable with those in industry. For 
the supervisor the largeness of the government’s operations sometimes is re- 
sponsible for formalism and red-tape, but for most persons in non-supervisory 
positions this is not troublesome. 


4. How the Civil Service operates [19] [21]. Before closing this part an at- 
tempt will be made to give some idea of the number of positions available to 
mathematicians in the Federal government, the range of salaries covered, and 
the operation of the Civil Service with respect to these positions. 

On July 1, 1947 there was a total of 518 professional mathematicians and 
1699 statisticians employed by the Federal government, the largest number of 
these being in the Army, the Navy, and the Commerce Department. (The Air 
Force was not at the time a separate department.) Since that time the number 
has increased considerably. In the Departmental (Washington) Service alone 
there are now about 200 mathematician jobs.* The large majority of these are 
concerned with applications of mathematics, for example, in physics, engineering 
statistics, and operations research, while the remainder are chiefly in scientific 
administration. There are also a few concerned with pure research in mathe- 
matics, for example, at the National Bureau of Standards. 

Except in certain beginning positions, examinations for scientific positions 
in the Federal government are “unassembled,” that is, they are based on a 
review of the candidate’s experience, education, and training. The scientific level 
of activity expected in a position is indicated by a series of ratings, which, for 
professional personnel, range from GS-5 to GS-18. The GS-5 grade is the po- 
sition for which a young college graduate with a Bachelor’s degree may hope 
to qualify. GS-7 is the normal beginning grade for a person with a Master’s 
degree; and a Ph.D. without further experience is considered qualification for 
a GS-9. (Grades GS-16, 17, and 18 were created by Act of Congress in 1949. 
The total number of persons in these grades is limited by Congress, and the 


number of mathematicians appointed to these grades will presumably be very 
small.) 


* Less than one-tenth of all the government’s employees are in Washington, including about 
one-fourth of the mathematicians. There are 14 Regional Civil Service Offices in the country through 
which Civil Service information can be obtained [19]. 
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The percentage of mathematicians in the grades which were in existence in 
1947 and which corresponded to the present GS (General Schedule) grades is 
given below, together with the salaries established in 1949: 


— Percentage in Salaries established 
Grades in 1947 ' in 1949 
GS-5 27 GS-5 $ 3,100-$ 3,850 
GS-7 31 GS-6 3,450- 4,200 
GS-9 15 GS-7 3,825— 4,575 
GS-11 13 GS-8 4,200- 4,950 
GS-12 7 GS-9 4,600- 5,350 
GS-13 5 GS-10 5,000—- 5,750 
GS-14 1 GS-11 5,400- 6,400- 
GS-15 1 GS-12 6,400-— 7,400 
GS-13 7,600—- 8,600 
GS-14 8,800— 9,800 
GS-15 10 ,000- 11,000 
GS-16 11,200- 12,000 
GS-17 12,200— 13,000 
GS-18 14,000 


This part has been devoted to opportunities for mathematicians in the Fed- 
eral government. In a letter dated February 7, 1950, Kenneth O. Warner, Di- 
rector of the Civil Service Assembly of the United States and Canada, states: 


Most straight mathematics positions in the government service are found 
at the Federal level. All states and most cities of any size have statistical 
positions which require varying degrees of mathematical understanding. 
Other applications for mathematical training may be found in many po- 
sitions in state and local governments, but there are very few, if any, 
positions of the mathematical research type. We do not have precise in- 
formation on this point, but I am sure that research programs, outside 
the universities, are rare. 


PART V: OPPORTUNITIES IN THE ACTUARIAL PROFESSION 


The following description of the actuarial profession will deal mostly with 
the work of the life insurance company actuary, since the majority of the 
members of the profession in the United States and Canada are employed in 
that capacity. The work of actuaries otherwise employed will be treated more 
briefly. 


1. The work of the actuary. The actuary of a life insurance company is re- 
sponsible for calculating the premium rates his company charges and for pre- 
paring the tables of death rates upon which such calculations are based. He is 
concerned with the determination of what benefits shall be included in the 
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company’s policies and how much money must be set aside from year to year to 
guarantee the payment of such benefits many years in the future. He must 
analyze the sources of earnings under policy contracts so that he may recom- 
mend proper rates of dividends. He investigates the effect on mortality of vari- 
ous physical impairments, hazardous occupations, and other unusual risks, and 
in collaboration with the medical officer of his company determines the basis 
for accepting or rejecting applicants for insurance. He is concerned with many 
theoretical and practical problems which have arisen as a result of the rapid 
development of the group insurance and pension fields and social insurance of 
various types. 

Although the actuary cannot operate without a thorough knowledge of the 
mathematical basis of life insurance, he is essentially a technically trained 
businessman rather than a mathematician. Because of his broad fundamental 
training, he is particularly well fitted to secure a proper perspective of the 
problems of a life insurance company, and he usually has an important part in 
the development of general company policy. 

The casualty actuary performs similar functions for his company. Since 
rates for many coverages, such as automobile insurance and workmen’s compen- 
sation, are revised annually, a considerable part of the casualty actuary’s time 
is spent on the investigation of current experience and the calculation of rates. 

The consulting actuary is often asked to prepare cost estimates for proposed 
pension plans for industry. Many industrial, municipal, and state retirement 
and welfare plans are established and supervised by independent consultants. 
Consulting actuaries serve the needs of small insurance companies which are 
not large enough to employ their own actuaries. The consulting actuary who is 
associated with a brokerage firm has extensive dealings with the sales and 
actuarial departments of the various insurance companies with which he places 
his clients’ business. 

The student can obtain some idea of the scope of the actuary’s work by con- 
sulting recent issues of the Transactions of the Actuarial Society of America 
(discontinued in 1949), the Record of the American Institute of Actuaries (dis- 
continued in 1949), the Transactions of the Society of Actuaries (first number 
in 1949) and the Proceedings of the Casualty Actuarial Society. If these are not 
available in his college library, he can probably see them in the office of any 
insurance company. | 


2. Employment of actuaries. All life insurance companies need the services 
of actuaries. In fact, the large companies need large staffs of actuaries. More- 
over, there is a growing tendency for men initially trained as actuaries to move 
on to other spheres of activity in insurance offices, particularly in the invest- 
ment, administrative, and accounting fields. A considerable number of actuaries 
fill high executive positions. . 

There are many needs for actuaries outside the life insurance companies. 
The casualty and fire insurance companies require actuaries trained specifically 
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for those positions. The rapidly increasing demand for pension and retirement 
plans in business and industry creates many opportunities in the various firms 
of consulting actuaries. Some of the larger industrial corporations employ actu- 
aries to advise management in connection with their insurance and pension 
needs. There are actuarial positions in many of the state insurance departments, 
which supervise and regulate the insurance business. The Federal governments 
of both the United States and Canada use actuaries ‘in several departments, 
such as the Social Security Board, the Veterans Administration, the Railroad 
Retirement Board, and the Bureau of the Census. 

The actuarial profession is not crowded and there appears to be no prospect 
of its becoming so for many years. There are more than 600 life insurance com- 
panies in the United States and Canada. Many of these companies require 
more than one actuary. Most of them are growing in size, as are the casualty 
and fire companies, and their business is continually becoming more complex. 
Thus their need for actuaries is constantly growing. Moreover, the need for 
actuaries in the consulting field is increasing rapidly. 

In spite of these needs the number of professionally qualified actuaries is not 
large. In March of 1950 the Society of Actuaries (see section 4, below) had only 
684 Fellows and 430 Associates. The Casualty Actuarial Society had, in No- 
vember 1949, 151 Fellows and 119 Associates, many of whom were also members 
of the Society of Actuaries. 

In recent years the number of women in the actuarial profession has in- 
creased and a number of women have attained prominence in the field. The 
limitations in opportunities that exist for women arise mostly from the present 
reluctance of most life insurance companies to assign women to executive duties 
and to positions requiring frequent contacts outside their own department or 
company. 


3. Qualifications needed for success as an actuary. A prominent contempo- 
rary actuary has described the qualities required for success in the profession 
as “competent statistical and mathematical capacity, adequate economic and 
financial knowledge, and wide social information.” The successful actuary has 
been further characterized as a person “with a determined, lively and ingenious 
mind and a broad outlook.” 

There is currently an increasing demand for the actuary to assume many 
executive responsibilities. Thus, in addition to being consulted on technical 
matters, he is often charged with the administration of fairly large departments, 
and shares in the responsibility for the relations of his organization with policy- 
holders and the general public. Therefore, his education and vision should be 
broad and well rounded. 

College students majoring in mathematics and considering the actuarial 
profession as a possible career should bear in mind that it is not primarily a 
mathematical profession. If the student wants a profession which calls for the 
application of advanced mathematics, he should not become an actuary. If, on 
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the other hand, he desires a profession in which his early training will be based 
on mathematics and in which all of his work will require the exercise of reasoning 
and judgment similar to that used in his study of nanan, then he should 
consider the actuarial profession. 


4. The training of an actuary. Professional status as a life insurance actuary 
is obtained by becoming a Fellow of the Society of Actuaries. The Society, a 
private organization, was formed for the purpose of promoting the theory and 
practice of actuarial science. Its publications and the regular meetings of its 
members give opportunity for the interchange and development of professional 
knowledge. 

The main requirement for the Fellowship is the passing of eight examina- 
tions set by the Society and given annually. The first three of these, known as 
preliminary examinations, consist of 

(1) a language aptitude examination 
(2) a general mathematics examination covering algebra, trigonometry, ana- 
lytical geometry and calculus, and 
(3) a special mathematics examination covering finite differences, probability 
and statistics. 
The remaining five examinations, which are more advanced in character, cover 
such topics as construction of mortality tables and monetary tables, selection 
of risks, calculation of insurance premiums, investments, the equitable alloca- 
tion of dividends, life insurance accounting, life insurance law, group insurance, 
social insurance, and pension plans. Upon completion of the first five examina- 
tions, the student becomes an Associate of the Society of Actuaries, and upon 
completion of all eight of the examinations a Fellow. 

The number of years required to complete the examinations normally ranges 
from four to ten, depending upon the student and the amount of time he devotes 
to study. The examinations are difficult and exacting, and the attainment of 
the fellowship is in many respects as difficult a task as obtaining the degree 
of Ph.D. 

It is a great advantage to the student to be able to take the preliminary 
actuarial examinations while he is still in college, as these examinations cover 
subjects which are ordinarily taught there. Moreover, if the student starts his 
examinations while still in college, he has a chance to estimate his aptitudes and 
probability of passing, and thus determine before he graduates whether it is 
wise to pursue an actuarial career or to enter some other field. The later exami- 
nations are usually taken by the candidate while he is employed in some 
actuarial capacity, since practical experience is very valuable, if not essential, 
in preparing for such examinations. 

Many of the larger insurance companies have definite training programs for 
actuarial students. They select college graduates on the basis of their college 
work and other qualifications for the profession. They arrange to give their 
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students training in many sections of the actuarial department, as well as some 
experience in other departments. This enables the student to get information 
regarding the practices and procedures of his own company while he is studying 
for the examinations. The student is encouraged to pass the actuarial examina- 
tions. In many cases automatic salary raises are given for examinations passed. 
As the student progresses in his office work, from routine clerical jobs to positions 
of gradually increasing responsibility, he obtains varied experience in many of 
of the problems with which his company and the industry are concerned. In 
many of the smaller companies similar experience is automatically available 
without any formalized training program. 

The importance of individual study in preparing for the actuarial examina- 
tions can hardly be over-estimated. Many hours of home study are required for 
each examination, and no training program can eliminate the necessity for such 
study. 

Professional status as a casualty actuary is obtained by becoming a Fellow 
of the Casualty Actuarial Society. The usual method of becoming a Fellow is to 
pass the eight examinations set by the Society. Although the casualty companies 
have no formal training programs similar to those of some of the life insurance 
companies, many of them hire college graduates as actuarial students. 


5. The salary of an actuary. The salary of an actuary varies with the organi- 
zation which employs him and the position which he holds in that organization. 
Salaries depend on general economic conditions and on living costs in the sur- 
rounding area, so that the following figures should be interpreted merely as 
examples, not as the complete picture. All salaries quoted are as of May 1, 1950. 

In one of the larger life insurance companies in a large Eastern city, a 
company which has high qualification standards, an actuarial student earns 
about $3,000 during his first year of employment. The starting salary is larger 
if at least two of the actuarial examinations have already been passed. With 
satisfactory progress in his office work and his examinations, the student in the 
company described should be earning about $5,000 in his fourth or fifth year of 
service. Within a few more years, if by then he has become a Fellow of the 
Society, he might reasonably expect to be earning about $7,000 a year. Beyond 
this point, there is a wide range of possible salaries, which depend on the ability 
of the actuary and his value to his company. A number of actuaries, who have 
reached the top of their profession and have become executives in their com- 
panies, earn $20,000 or more yearly. 

Starting salaries for actuarial students vary with the steepness of the salary 
scale and with the level of qualification standards. For this reason, as well as 
because of the dependence on living costs in the surrounding area, the starting 
salaries of different companies often show substantial differences. 

In the casualty companies actuarial students begin at salaries ranging from 
$2,400 to $3,000. As Associates they earn between $4,000 and $5,000. Fellows 
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with primarily actuarial duties earn $6,000 or more; those with executive duties 
generally earn $9,000 or more. 

Consulting actuarial organizations and brokerage firms usually start college 
graduates with an interest in actuarial work at salaries comparable to those of 
_ insurance companies. Substantial raises are given, as in the case of insurance 
companies, as soon as the student demonstrates that he can pass the actuarial 
examinations. 


6. Preliminary preparation for the actuarial profession in college. During his 
college career, the prospective actuary should acquire a knowledge of mathe- 
matics through the calculus. A course in college algebra will be valuable. Courses 
in mathematical statistics should be taken if offered. Courses in such subjects 
as differential equations and the theory of functions do not contribute directly 
to actuarial training but add to the student’s general background. Some uni- 
versities offer undergraduate and graduate work in actuarial science. The 
courses so offered cover the material of the earlier actuarial examinations and 
related fields. 

A thorough grounding in English composition is essential. If the student has 
the opportunity, he should take at least one full year’s course in economics. 
Courses in accounting and in banking and finance are useful but not essential. 

Aside from these subjects, the prospective actuary should pursue studies 
which will give him a broad cultural foundation. It is not necessary for him to 
take graduate work in pure mathematics. In fact, it is not desirable in general, 
because the time so spent would be better spent in getting practical insurance 
experience and in passing the actuarial examinations. 

As explained above, the student should attempt to take some or all of the 
preliminary actuarial examinations while he is still in college. In addition, he 
would be well advised to seek employment in an insurance company during the 
summer months (openings are often available to promising students) in order 
to acquaint himself with the practical side of an insurance company’s operations 
and to ascertain if he likes office work. 

For information about the preliminary actuarial examinations the student 
should send for the booklet, Preliminary Actuarial Examinations, published by 
the Society of Actuaries, 208 South LaSalle Street, Chicago 4, Illinois. Informa- 
tion about the examinations of the Casualty Actuarial Society can be obtained 
by addressing the Secretary-Treasurer of the Society at 60 John Street, New 
York 7, New York. 

The student can best obtain information about the training programs and 
actuarial student opportunities offered by the insurance companies by writing 
to the companies in which he is interested. The Secretary of the Society of 
Actuaries and the Secretary of the Casualty Actuarial Society are able to 
furnish information about the location of insurance companies and other organ- 
izations which may be seeking actuarial students. 
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MATHEMATICAL NOTES 


EpiTeEp By E, F. BECKENBACH, University of California, Los Angeles 
Material for this department should be sent to F. A. Ficken, Institute of Mathematics 
and Mechanics, New York University, 45 Fourth Ave., New York 3, New York. 
ON A THEOREM OF STEINER* 


Victor THEBAULT, Tennie, Sarthe, France 


1. Introduction. In his excellent book Modern Geometry, R. A. Johnson has 
recalled some circles which are associated with a triangle and which arise from 
the following theorem, announced without demonstration by Steiner [1]: If a 
circle with center at the orthocenter H of a triangle ABC cuts the lines joining the 
midpotnts of the sides AB and AC, BC and BA, CA and CB in the points A; and 
Ao, B, and B:, Ci and C2, then 


AA; = BB, = CC; = AA» = BB, = CC2. 


Johnson mentions the circles of Droz-Farny [2], but does not give references 
for the circles considered in §§ 426 and 427. Some time ago the present writer 
developed all of the circles of these sections [3]. 

The object of this note is to extend Steiner’s theorem, as well as our afore- 
mentioned results, to the orthocentric tetrahedron, and to recall other earlier 
results. 


2. Theorem. We shall establish the following result. 


THEOREM 1. If a sphere with center at the orthocenter H of an orthocentric 
tetrahedron T=ABCD cuts the lines joining the midpoints of the edges AB and 


AC, BC and BD, CD and CA, DA and DB, - - - , in the points A, and Az, B, and 
B:, C; and C2, D, and Dz, + - - , then 
AA, = BB, = CC, = DD; = eee = AA, = BB, = CC: = DD, = eee 


Proof: lf one designates by M, N, A’’, A; the midpoints of the edges AB, AC, 
of the altitude AA’, and an arbitrary point on the line MN, then, by considering 
the triangle AA,H, we have 


(AA)? = (AH)? + (HA;)? — = (HA)? + AH(AH — 
= (HA;)? + (AH)(HA’) = (HB,)? + (BH)(HB’) 
= (HC)? + (CH)(HC’) = (HD)? + (DH)(HD’) =:--. 
Thus the points A1, Bi, Ci, Di, - - - and, by analogy, the points As, C2, 
D2, + + + , equidistant from H, are also equidistant from the vertices A, B, C, D 
of the tetrahedron. The sphere (H, HA;) then cuts the twelve lines joining the 


midpoints of the edges in twenty-four points whose distances from the corre- 
sponding vertices of T are equal. 


* Translated from the French by Howard Eves. 
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Conversely, four equal spheres described with the vertices of an orthocentric 
tetrahedron T (or, what amounts to the same thing, with the feet of the altitudes) 
as centers cut the lines joining the midpoints of the edges in twenty-four points 
situated on a common sphere of center H(4]. 


For, since 
(AH)(HA’) = — (HA)(HA’) = —p’, 
one obtains 
(HA1) = 


Ro being the radius of the equal spheres, and p that of the conjugate sphere of 
the tetrahedron. 


3. Another result. We shall establish also the following result. 


THEOREM 2. In an orthocentric tetrahedron, of orthocenter H, the circles inter- 
cepted by the planes of the faces on the corresponding spheres having for centers the 
feet of the altitudes and passing through the orthocenter H’' of the medial tetrahedron 
are situated on a common sphere (H, oc), of center H. 


Proof: If As is any point of the circle common to the plane BCD and the 
sphere (A’, A’H’), w the midpoint of HH’, then 


(HAs)? = (HA’)? + (A’A3)? = (HA’)? + (A’H’)? = 2(A’w)? + (HH’)2/2 
= 2[5R? — (3/4)(a? + ]/9 = o?, 


where a= BC, a'’=DA, and R is the circumradius; for, the orthocenter H’ of the 
tetrahedron having for vertices the centroids of the faces of T (the medial 
tetrahedron) coincides with the isogonal conjugate, in the tetrahedron T, of the 
orthocenter H [5], and consequently the point w coincides with the center of 
the sphere A’B’C’D’ through the feet of the altitudes of T (the second twelve 
point sphere). This gives 


Alw = R/3,  (HH")? = 4(HO)?/9 = 4[4R? — (3/4)(a? + a’2)]/9. 


Coro.iary 2.1. The circles that the planes of the faces intersect on the spheres 
having for centers the corresponding vertices of the medial tetrahedron and passing 
through the orthocenter H of T are on a sphere of center H’ equal to the sphere 
(H, 


CoROLLARY 2.2. The spheres orthogonal to the sphere (H, «) and with centers 
at the centroids of the faces of T cut the planes of these faces in circles situated on a 
sphere, of center H’, which is coaxial with the sphere (H, 0) and the second twelve 
point sphere of T [4]. 


4. Note. Theorem 2 and corollary 2.1 are particular cases of the following 


[6]: 
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THEOREM 3. In any tetrahedron, the circles that the planes of the faces cut on 
the spheres having for centers the corresponding vertices of the pedal tetrahedron of a 
point P, and which cut orthogonally a sphere with center at the isogonal conjugate P’ 
of P, are on the same sphere of center P. 
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A CLASS OF ALGEBRAIC INTEGERS 
Ivan NIVEN, University of Oregon 
1. Introduction. In a recent paper A. A. Trypanis' proved that 


is an algebraic integer if a is any integer not divisible by the positive odd prime p. 
This result is true alsoin case p=2, and can be established by observing that (1) 
is a root of 


‘whose coefficients, and consequently also whose roots, are algebraic integers.? 
That the coefficients of (2) are algebraic integers can be concluded from the fact 
that p divides the binomial coefficients 


Jj 


and, in the case of the constant term of (2), from Fermat’s theorem. 

It is clear from this proof that, although (1) can be regarded as a multiple- 
valued expression because of the operation of taking roots, nevertheless all 
values of (1) are algebraic integers. It is also clear that 


(3) — 1} 


is an algebraic integer if b=1 (mod ), and that this constitutes a generalization 
of (1). 


1 An extension of Fermat’s theorem, this MONTHLY, vol. 57 (1950), pp. 87-89. 
* Cf. E. Hecke, Theorie der algebraischen Zahlen, Leipzig (1923), p. 79, Theorem 62. 
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2. The problem. This suggests the following question. For what integral 
values of a, b, cand m>1 is 


(4) (btm all m) 


an algebraic integer for all interpretations of the m-th roots involved? If c= +1 
it is clear that (4) is an algebraic integer for all values of b and m>0. Hence we 
consider | c| >1, and there is no loss of generality in assuming (a, b, c) =1.- 


THEOREM. Let a, b, c, m be integers with m>1, |c| >1, and (a, b, c)=1. The 
expression(4) ts an algebraic integer for all cases of the multiple values of the mth 
roots tf and only if c| (b—a), mis a power of a prime, say m=p", and | | =p if pis 
odd, |c| =2 or 4 if p=2. 


We begin the proof by observing that there is no loss of generality in presum- 
ing that c’™ is single-valued, since the quotient of any two of the values of 
c’™ is a root of unity, and hence an algebraic integer. For the same reason we 
shall regard a'/™ as single-valued, and so we consider (4) to have m values corre- 
sponding to the values of 5!/™, 

These m values of (4) are the zeros of the polynomial 


a m b 
As noted previously about (1) and (2), we observe that if the coefficients of (5) 
are algebraic integers, then so are the values (4). The converse is also true be- 
cause of the relation of the coefficients of (5) to the values (4), and the fact that 


the set of algebraic integers is closed under addition and multiplication. Hence 
we can confine our discussion to the coefficients of (5). 


3. The sufficiency of the conditions. Because of the remark in §1 about the 
divisibility of the binomial coefficients, we see that the coefficients of (5) are 
algebraic integers in case c| (b—a), c=p, m=p". Thus we need discuss only the 
cases c=4, m=2", b=a (mod 4). For n=1 it can readily be verified that (5) has 
coefficients which are algebraic integers. For »22 the binomial coefficients 


(;) 
j 
are divisible by 4 if j7=1, 2,---, 2*-!—1, but divisible only by 2 if j7=2"-1. 


Then it is clear that the coefficients of (5) are algebraic integers, including the 
coefficient of the term in x?"~’, namely 


( ) 
2 


4. The necessity of the conditions. The constant term in (5) is (a—b)/c, 
hence the condition | (a—b). It follows that 


} 
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(6) (a,c) = 1, 


for otherwise we would have (a, b, c) >1, contrary to hypothesis. The coefficient 
of the linear term in (5) is 
a 1—1/m 


Because of (6), this coefficient being an algebraic integer implies 
(7) c|m if m=3; cl4 if m=2. 


Now let p be any prime divisor of c, so that p| m, say m=p"M where (M, p) 
=1. We prove that M=1. For if M>1, the coefficient of x™~?" in (5) is 


is prime to p, and pfa, but ple, so that (8) is not an algebraic integer. Hence 
M=1, m=p", and because of (7), c=p*, say. (There is no loss of generality in 
presuming c to be positive.) 

Finally we must prove that k=1 when p is odd, and that k=1 or 2 when 
p=2. The coefficient of x?"~* in (5) is 


p=" 
The binomial coefficient 
p=} 
is divisible by p but not by p?. Thus if (9) is to be an algebraic integer, we must 


have, since pia, 


1— or k(p — 1). 


If p is odd, this implies that k=1, and if p=2, that kS2. This completes the 
proof of the theorem. 

In cases where the conditions of the theorem are not satisfied, it is possible 
that some of the values of (4) are algebraic integers; for example, this is the 
case if m=4, b=81, c=16, a=1. 
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CLASSROOM NOTES 


EpITEpD By C. B. ALLENDOERFER, Haverford College, 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pa. 


ON PRIMITIVE PYTHAGOREAN TRIANGLES 
P. J. ScHILLO, University of Buffalo 


1. Introduction. A primitive Pythagorean triangle (ppt) is a right triangle 
whose sides are integers which are relatively prime in pairs. It can be shown* 
that, if « and v are any two relatively prime positive integers such that u<z, 
there is either a ppt with sides: x =2uv, y=v?—u?, g=v?+u?, or one with sides: 
x=uv, y=(v?—u?)/2, g=(v?+u?)/2, according as u+v is odd or even. Therefore, 
every reduced proper fraction, u/v, characterizes a ppt. Furthermore it can be 
shown{ that every ppt is characterized by two such fractions, u/v and u’/v’, 
where u+v is odd and u’+v’ is even. 

It is always possible to find a ppt which is as nearly similar as desired to a 
given right triangle. Let 6 be one of the acute angles of a given right triangle 


and let u/v be the ratio of two relatively prime integers which approximates. 


tan (0/2) as closely as desired; then this ratio characterizes some ppt. Since 


2uv/(v?—u?) is approximately equal to tan 0, this ppt is nearly similar to the 
given right triangle. 


2. Approximating an Isosceles Right Triangle. In illustrating the use of these 
facts, ppt’s which approximate isosceles right triangles are sought. The infinite, 
repeating, simple continued fraction (s.c.f.),{ (0, 2)=./2—1=tan 224°, has 
nth convergent, Un/Un4y1, Where Un=2Un1+Un-2 for n>2, is the nth integer in 
the sequence: 0, 1, 2, 5,--.+. Because of well-known properties of the con- 
vergents of as.c.f., uw, and un41 are relatively prime and u,/un41 is the best ap- 
proximation of tan 223° with respect to the magnitudes of wu, and way; for all 
values of ~>1. Also it can be seen that u,+4%n41 is odd, so there is a ppt with 
sides: This ppt approximates more 
and more nearly an isosceles right triangle as m increases. 

Now, by direct formula, u,=(s"-!—#"-!)/2./2, where s=1++/2 and 
t=1—V/2, so ya=Xn—(—1)" and 
Hence, in order to compute the sides for any >1, it is sufficient to obtain 
Zn—-1, 2n aNd Zn41 from the sequence: 1, 5, 29, 169, - - - , where 
for m>2, is the mth integer of this sequence, and then to determine 
Xn= (Zn41—8n-1)/8+(—1)"/2 and y,=x,—(—1)*. For example, since 2g, 9 and 
Zo are 195025, 1136689 and 6625109 respectively, x»= 803760 and y»= 803761. 

It is not surprising that these pp?’s are the only solutions of the classical 

*H. N. Wright: First Course in Theory’of Numbers, pp. 92-95. 

t Wright: loc. cit. 


t The symbol, (ai, a2, a3,+ ++), represents a;+1/as+1/az+ +++. In (a1, a2,+++, Qn, a, 
az, ** + , @,), the sequence under the bar is infinitely repeated. 
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problem of finding pp?t’s whose legs are consecutive integers. These pp?’s alone 
meet the criterion, where s=1++/2, which P. Bach- 
mann** showed such triangles must meet. 


3. Approximating a Right Triangle with a 30° Angle. In a manner somewhat 
analogous to that above, ppi’s are found, which are as nearly similar as desired 
to a right triangle whose least acute angle is 30°. The infinite, repeating, s.c.f., 
(0, 1, 1, 2)=+/3/3=tan 30° has mth convergent, u,/v,, where, letting 
Pn=(3+(—1)")/2, Un=PnUnituUn—2 for m>2, is the mth integer in the se- 
quence: 0, 1, 1, 3,4, - - - , and for n > 2, is the mth integer in the 
sequence: 1, 1, 2,5, 7, - - - . Since for all values of n>1, u, and v, are relatively 
prime and u,+v, is even when, and only when, 1 is even, there is a ppt with 
sides: This ppt approximates 
more and more nearly a right triangle whose least acute angle is 30° as m in- 
creases. 

Now, by direct formulas, and 
where ¢=1+/3, r=1—-+/3 and k is the greatest integer contained in (n+1)/2, 
SO Xn =Uen—1, Vn = (Wong1 — 2Uen-1)/3 —2(—1)*/3 and 2, =2yn,+(—1)”. In order to 
compute these sides for any »>1, we may take x, and x,4: from the sequence: 
0, 1, 4, 15, 56, - ++, where x,=4%n_1—Xn_2 for n>2 is the mth integer of the 
sequence, and then determine yna=(%n41—2%n)/3—2(—1)"/3 and 2,=2yn 
+(—1)*. For example, since x2 and x;3 are 564719 and 2107560 respectively, 
= 326040 and 652081. 


4. Approximating a Given ppt: First Method. A slightly different problem is 
that of finding pp?’s which are as nearly similar as desired to another ppt. One 
method of approximating a given ppt depends upon the following fact: if f, an 
even number, and g are relatively prime integers, and if w is the greatest odd 
divisor of f such that w is prime to some integer, r>1, then, for any positive 
integer, , each of the odd prime factors of fr" divides either gr” or w but not 
both. Consequently either fr® and gr*+2w, or fr® and gr*+w, according as r is 
odd or even, is a pair of relatively prime integers whose sum is odd. The ratio of 
integers in such a pair approximates the ratio of f and g as m increases. Hence, if 
f/g or g/f characterizes a given ppt, the appropriate ratio of fr® and either 
gr” + 2w or gr*+w, characterizes an approximation to the given ppt. 

As an example, let the given ppt have sides: 4, 3, 5. It is characterized by 
1/2, so f=2, g=1, w=1, and r is any positive integer. If r is even, the mth ap- 
proximate ppt is characterized by (r*+1)/2r™ and has sides: x,=4r°"+4r", 
Vn = 37°" 2r"—1, =5r?"+2r"+1. By rejecting the lower signs of those terms 
where an alternative exists and by letting r=2, the radix of the binary system, 
the resulting expressions are in effect those used by Uhler* in developing a colossal 
ppt. If r=10, the radix of the decimal system, x,=4-102"+4-10", y,=3-10" 

** L. E. Dickson: History of the Theory of Numbers, Vol. 2, Chap. 4, p. 182. 


* H.S. Uhler: A Colossal Primitive Pythagorean Triangle, this MonTuLy, Vol. 57, No. 5, p. 
331. 
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—2-10"—1 and zs,=5-10%+2-10"+1, which values are readily expressed in 
decimal notation for any n. For example, x4=400040000, y.4=299979999 and 
2,= 500020001. 


5. Approximating a Given ppt: Second Method. Another method of making 
such an approximation depends upon this fact: if one ppt has sides: a, b, c, anda 
second ppt has sides: A, B, C, where the legs are so designated that Bb>Aa, 
and the hypotenuses, C and ¢, are relatively prime, then there is a third ppt with 
sides, x=Ab+Ba, y=Bb—Aa and z=Cc. It can be shown that x?+?=2? by 
substitution. In order to show that x, y and 2 are relatively prime in pairs it is 
sufficient to show that x and y are relatively prime. Since Ax+ By=(A?+B?)b 
=C% and Bx—Ay=(A*?+B?*)a=C’a, any common divisor of x and y must 
divide C? for, if it did not, it would have a factor which divides both a and 6, 
which is impossible because a and 3 are relatively prime. Similarly, since 
ax+by=(a?+b*)B=c?B and bx —ay=(a?+b*)A =c?A, any common divisor of 
x and y must divide c?. But ¢ is prime to C and hence x must be prime to y. 

If a given ppt has sides: a, b, c, let An=2hr*, B,=r**—h? and C,=r**+h?, 
where r and #/ are relatively prime, r>1 and r+h is odd, and let h be such that 
each prime factor of c divides either r or A but not both so that C, and c are 
relatively prime. Then the mth approximate ppt has sides: 


Xn = + 2dbhr® — ah’, yn = br?® — 2ahr™ — bh’, Sn = + ch?, 


As an example, let the given ppt have sides: a=4, b=3, c=5. If r=10, let 
h=1; then x,=4-10%+6-10"—4, y,=3-10%—8-10"—3 and s,=5-102"+5. 
For example, 400059996, 299919997 and 2,= 500000005. 


THE MAXIMUM VALUE OF A CONTINUOUS FUNCTION 


M. K. Fort, Jr., University of Mississippi and University of Illinois 


1. Introduction. In this note we present a proof (believed to be new) of the 
following well known theorem: 


THEOREM A. If a function f is continuous on a closed interval I, then there 
exists a point of I at which f has a maximum for I. 


A rather large part of calculus is based upon this theorem (e.g., Rolle’s 
Theorem, the Mean Value Theorem, |’Hospital’s Rule, Taylor’s Theorem, etc.). 
Consequently it is unfortunate that the usual proofs of Theorem A are of such 
a nature that they are unsuitable for presentation in an elementary course. 

All of the proofs of Theorem A which the author has seen follow the same 
general pattern. One first proves that the set of functional values f(x), for x in J, 
is bounded; next M is defined to be the least upper bound of this set of func- 
tional values; finally one proves that there is a point p of the interval for which 
f(b) = M. Thus, the usual proofs of Theorem A require an acquaintance with the 
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concept of least upper bound. This is undesirable, since the concept of least 
upper bound is difficult for the average calculus student to grasp and hence is 
not ordinarily discussed in a first course. Our proof of Theorem A differs funda- 
mentally from the usual proofs in that we proceed directly to find a point p at 
which f has a maximum and we do not need to first prove that f is bounded on J. 

The proof given in this note was designed for presentation to an advanced 
calculus class whose members were unacquainted with the concept of least 
upper bound, the Borel Theorem, the Weierstrass Theorem, etc. This proof 
could be presented equally as well to a beginning calculus class. Our proof is 
based upon the following proposition: 


PROPOSITION A. Every non-decreasing sequence of numbers which is bounded 
above converges to a limit. 


This proposition is stated in most calculus books in the chapter on infinite 
series. In a beginning calculus course it seems reasonable to assume this propo- 
sition as an axiom. 


2. Proof of Theorem A. If J; and J2 are sub-intervals of J and J; contains 
Jo, then we define J;>J2 to mean that corresponding to each x in J; there exists 
y in Jz for which f(y) =f(x). The student’s intuitive ideas about the relation > 
will be clarified if it is pointed out to him that J;>J2 implies “if f has a maximum 
for J at some point of J; then f has a maximum for J at some point of J.” The 
following two properties of the relation > are trivial to verify: 

(i) If Ji>J2 and J2>J3, then i> J3. 
(ii) If K is a closed sub-interval of J and K is bisected to form closed sub- 
intervals K, and Ke, then K>K, or K> Kz. 

We now define a sequence J;, J2, I3, - - - of closed sub-intervals of J. We 
first define J,=J. If J, has been defined, we bisect J, to form two closed sub- 
intervals J,,, and J,, >. We see from (ii) that J,>>TJ,, ; for at least one value of 7. 
In4: is defined to be one of the intervals J,, ; for which this is true. It follows 
from (i) that >I, for each m. Since each interval of our sequence contains the 
next one, the left endpoints of the intervals form a non-decreasing sequence of 
numbers. This sequence of numbers is bounded above by the right endpoint 
of IJ, and hence by Proposition A this sequence converges to a number ~ which 
is seen to be in J. 

Suppose that there exists a number g in J such that f(g) >f(p). Then, by the 
continuity of f there is a neighborhood N of p such that f(q) >f(x) for all x in N. 
However, since the length of J, tends to 0 as m tends to infinity, there is an 
integer m such that N contains J. This implies that f(g) >f(x) for all x in In, 
and this is impossible since >>I. Therefore, f(p) 2f(q) for all g in J and we see 
that f has a maximum at . 

We obtain as an immediate corollary to Theorem A the fact that the function 
f is bounded on J. 
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TRIGONOMETRY OF RIGHT SPHERICAL TRIANGLES AND 
THE GNOMONIC PROJECTION 


A. D. Brapey, Hunter College 


A method for deriving the formulas for right spherical triangles from a single 
plane triangle is suggested by Nunn’s proof of cos A =tan b cot c.* 

Consider the right spherical triangle ABC and the plane triangle AB,C,, 
obtained by gnomonic projection of ABC on a plane tangent to the sphere at A 
(Figure 1). We assume that a<90° and b<90°, and so the formulas obtained by 


A 


Fic. 1 


this method require the usual extension to be valid for all right spherical tri- 
angles. Since the planes OB,C, and AC,B, are both perpendicular to OAC, 
B,C, is perpendicular to OAC, and triangles OC,B; and AC,B; are right-angled 
at Ci. 
The sides of triangle A B,C, are easily determined: 
OC; = r sec b, 
C,B, = OC, tan a = ¢ tana sec B, 
AC, =r tan b, 
AB, =rtanc. 


Angle A of triangle A C,B, equals angle A of the spherical triangle. Projection of 


. ABC on a plane tangent at B would of course produce the analogous triangle 


*T. P. Nunn, The Teaching of Algebra including Trigonometry, London, 1927, p. 456. 
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whose sides are BA:=r tan c, BC,=r tan a, and C,A2:=r tan seca 
(Figure 2). 


Ae 


A C B Co 
Fic. 2 


The formula cos c=cos a cos b results from applying the Pythagorean 
theorem to AB,C;: 


tan? c = tan? a sec? b + tan? d 
sec? c — 1 = sec? a sec? 6 — sec? b+ sec? db — 1 
sec? ¢ = sec? a sec? b. 


Since a, b, and ¢ are each less than 90°, 


(1) cos ¢ = cos a cos b 
: tan a sec b sin @ cos ¢ 
sin A = =— 
tan ¢ sin ¢ cos a cos b 
sin @ 
(2) sin A = — 
sin ¢ 
sin b 
(3) sin B = — 
sin ¢ 
tan b 
(4) cos A = 
tan ¢ 
tan a 
(5) cos B = 
tan ¢ 
tan a sec b 
tan A = ————— 
tan b 
tan a 
(6) tan A = 


sin 
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tan b 
(7) tan B = — 
sin @ 
sin A sin a tanc cos a 1 


cos B sin c tan a COs ¢ cos b 


cos B 
(8) sin A = 
cos b 
ow cos A 
(9) sin B = 
cos a 
tan a tan b 
tan A tan B 
sin sin a 


cos a cos b = cot A cot B 


(10) cos ¢ = cot A cot B. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EpITED By Howarp EvEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard Eves, 
Mathematics Department, Oregon State College, Corvallis, Oregon. This department welcomes 
problems believed to be new, and demanding no tools beyond those ordinarily furnished in 
the first two years of college mathematics. To facilitate their consideration, solutions should be 
submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 946. Proposed by C. S. Ogilvy, Columbia University 


It is well known that the distribution of six points on the surface of a given 
sphere which makes the least distance between any pair a maximum is that of 


the vertices of the regular inscribed octahedron. What is the corresponding dis- 
tribution for five points? 


E 947. Proposed by Victor Thébault, Tennie, Sarthe, France 


Find the locus of a point in the plane of a given triangle such that the pedal 
triangle of its isogonal conjugate is right angled. 


E 948. Proposed by Roy Dubisch, Fresno State College 


Find the inverse of the general even ordered skew-symmetric matrix all of 
whose elements above the principal diagonal are equal to 1. 
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E 949. Proposed by Robert Oeder, Oregon State College 
Show that if D, is a determinant whose elements are a;;, 4, 7=1, 2, - - 
and, for all ¢, 


+, 


a2 (1/2) 5 | aix|, 
k=l 


then 


k=1 
SOLUTIONS 

An Infinite Product 

E 912 [1950, 259]. Proposed by H. E. G. P. 

Show that the infinite product 


Il (n + 1)8/n(n + x)(n + 2x) 
n=l 


represents, in all points of its set of convergence, the rational function 2x. (By 


permission of Prof. E. P. B. Umbugio, April 1, 1950.) 
I. Solution by J. D. E. Konhauser, Pennsylvania State College. The result is 


an immediate consequence of the following well known theorem on Gamma 
functions (cf., Whittaker and Watson, Modern Analysis, pp. 238-9): 

If the a’s and b’s are non-negative integers, then 
(nm + a1)(m + ae) +++ + ay) 


I (nm + bi)(m + (n+ 


converges if and only if r=s and >\a;= ).b;, and the limit of convergence is then 
T(i + + be) + 
+ a) TA +a,) 
In the present problem the first condition (r=s) is satisfied, and in order 


that the second condition ( be satisfied, it is necessary that x=1. 
Thus the infinite product converges only for x=1, and in this case the value of 


the product is 


= 2 = 2x. 
II. Solution by O. E. Stanaitis, St. Olaf College, Minnesota. If we write the 
product in the form 
= 3n*(1 — x) + n(3 — 2x?) +1 
1 Qn); a, = 
I ( ) n(n + x)(n + 2x) 
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a necessary and sufficient condition for the convergence of the product is the 
convergence of the series dn. Since da= O(1/n)for x1 and ad,=O(1/n?) 
for x=1, the series converges only for x=1. It is easily seen that for x=1 


[I + 1)*/n(n + 1)(n + 2) = 2m + 1)/(m + 2), 


which approaches 2 when m—> 
Also solved by N. J. Fine, Emil Grosswald, M. S. Klamkin, Roger Lessard, 
and F. Underwood. 


The Isosceles Triangle Teaser 
E 913 [1950, 260], Proposed by C. S. Ogilvy, Columbia University 


An isosceles triangle ABC has vertex angle C=20°. Points M and N are 
taken on AC and BC such that angle ABM=60° and angle BAN=50°. Prove 
that angle BM N= 30°. (Attention Prof. E. P. B. Umbugio.) 


I. Solution by S. T. Thompson, Tacoma, Washington. Consider a regular 
18-gon ABA;3A,- ~~ Aig with center C. Draw A3A15. By symmetry A3A15 and 
AA; intersect on CB at N. Also, A3A1s perpendicularly bisects CA1s (since angle 
AsCA1g3= 60°), and therefore passes through M (since MC= MB= MAj,). It 
now follows that angle BMN= 30°. 


II. Solution by A. Sisk, Maryville, Tennessee. We see that BM=MC, 
AB=BN, and, applying the law of sines to triangle MAB, 


AB/sin 40° = BM/sin 80° = BM/2 sin 40° cos 40°, 
or 
BN/BM = 1/2 sin 50° = sin 30°/sin 130°. 
It now follows that angle BMN= 30°. 


III. Solution by J. H. Braun, Illinois Institute of Technology. Draw AD 
parallel to BC and mark off on AC, AQ=BN. Let BQ cut AD in P. Then angle 
ABQ=50°, angle APB= 30°, angle AMB=40°. By the law of sines 


BM = AB sin 80°/sin 40° = 2AB cos 40°, 
AP = AB sin 50°/sin 30° = 2AB cos 40°. 


Therefore BM=AP and triangles BMN, APQ are congruent. It follows that 
angle BM N=angle APQ= 30°. 

Also solved by Alan Berndt, H. W. Carter, W. J. Cherry, Rowland Cross, 
Ragnar Dybvik, D. E. Freeland, Vern Hoggatt, B. C. Keeler, M. S. Klamkin, 
Sam Kravitz, Roger Lessard, Octave Levenspiel, W. O. Pennell, J. W. Ross, 
N. T. Seely, Jr., W. D. Serbyn, O. E. Stanaitis, E. B. Staub, C. W. Trigg, F. 
Underwood, G. W. Walker, and the proposer. 
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Most of the solutions were trigonometrical in nature. Pennell established the 
following generalization: A triangle ABC has a vertex angle C<60°. The base 
angle A=C+60°. Points M and N are taken on AC and BC such that angle 
ABM=90°—3C/2 and angle BAN=30°+C. Then angle BMN=30°. When 
C= 20° this reduces to the given problem. 

Trigg pointed out that the problem has appeared in School Science and 
Mathematics, April 1939, p. 379. It was earlier proposed by E. M. Langley in 
Mathematical Gazette, XI (1922-3), p. 173. In the same volume, p. 321, a number 
of solutions can be found. 

Professor Umbugio wrote that he was afraid to tackle the problem, because 
913 has 13 for the last two digits. Also, the sum of the digits is equal to 13, and 
the sum of the squares of the digits is 91, which is divisible by 13. 


Folding Tetrahedra 
E 914 [1950, 260]. Proposed by C. W. Trigg, Los Angeles City College 


It is desired to arrange congruent equilateral triangles, with at least one side 
of each triangle coinciding with a side of another triangle, in a plane configura- 
tion which can be folded along the common sides into a tetrahedron with no 
open edges. (An open edge is one through which there is straight line access to 
the centroid of the solid figure.) 

(1) What is the smallest number of triangles necessary? 

(2) How many distinct configurations containing this smallest number may 
be folded into a closed tetrahedron? 


Solution by the Proposer. (1) Let the edges issuing from one vertex of a regular 
tetrahedron be a, b, c and let d be the other edge of the face common to 6 and c. 
In order to free one face and unfold it into the plane of the base, two edges, say 
a and b, must be cut. The one additional cut necessary to destroy the fourth 
trihedral angle and permit all faces to be folded into the plane of the base may 
be made either (a) along c, so that the faces unfold into an equilateral triangle 
with sides 2a, 26, 2c; or (b) along d, so that the faces unfold into a parallelogram 
with sides 2a, b, 2d, b. When either of these figures is folded back into a tetra- 
hedron, the three cut edges must be covered. This will require three triangles 
properly arranged in addition to the four face triangles. Thus the smallest num- 
ber of triangles necessary in the configuration is seven. 

(2) We indicate the two sides of the triangles along a cut edge by the same 
letter as the edge. The three additional triangles may be added to the unfolded 
equilateral triangle in the following ways: 

(a) A properly oriented group of three attached to a to form a five-triangle 
trapezoid from which a triangle extends from the shorter base and another 
extends from the opposite end of the Jonger base. (Configuration A) 

(b) A group of two attached to a and one attached to the adjacent b to form 
a five-triangle trapezoid from which a triangle extends from the shorter base 
and another from the middle of the longer base. (Configuration B) 
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(c) A group of two attached to a and one attached to the non-adjacent 3, 
to form a five-triangle trapezoid from which a triangle extends from the shorter 
base and another from the same end of the longer base. (Configuration C) 

(d) One each attached to non-adjacent a, b, and c. (Configuration D) 

(e) One each attached to adjacent a and } and one attached to ¢ to give 
Configuration B. (Rotations and reflections of a configuration are not considered 
to be distinct configurations.) 

The three additional triangles may be added to the unfolded parallelogram 
in the following ways: 

(a) A group of two attached to b and one to the adjacent a. (Configuration C) 

(b) A group of two attached to d and one to the non-adjacent a. (Configura- 
tion A) 

(c) One each attached to adjacent a and 6 (or } and d) and one to the adja- 
cent d (or a). (Configuration B) 

(d) One each attached to adjacent a and 6 (or } and d) and one to the non- 
adjacent d (or a). (Configuration A or B) 

(e) One each attached to non-adjacent a, b, and d. (Configuration C) 

Thus there are four distinct plane configurations of seven joined equilateral 
triangles which may be folded into a tetrahedron with no open edges. With con- 
figurations A, C, and D, the edge-closing triangular flaps may be tucked in to 
give stability to the tetrahedron without using adhesive. Other methods than 
those given above for attaching the three additional triangles yield some of the 
other twenty seven-triangle configurations. One of these, that consisting of a 
regular hexagon with one triangle attached, cannot be folded into a closed 
tetrahedron. The other nineteen fold into a tetrahedron with one open edge. 

Also solved by Roger Lessard and G. W. Walker. 


Twenty Questions 
E 916 [1950, 334]. Proposed by H. D. Larsen, Albion College 


As a variation of the popular game of Twenty Questions, suppose I think of a 
number which you are to determine by asking me not more than twenty ques- 
tions, each of which can be answered by only “yes” or “no.” What is the largest 
number that I should be permitted to choose that you may determine it in 
twenty questions? 


Solution by H. M. Gehman, University of Buffalo. If a questioner wishes to 
determine an object previously chosen from a finite set of objects, his most effi- 
cient procedure is to ask at each stage whether the chosen object has a property 
which is possessed by exactly half of the members of the set. Regardless of 
which answer he receives, the set containing the chosen object is thereby cut in 
half. By this procedure the questioner can determine a chosen number in 
twenty questions, provided that the’ number chosen is a positive integer not 
greater than 


The ith question for #=1, - - - , 20, could be: “If the number is written to 
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the base 2, is the ith digit the number 1?” Notice that if the answer is always 
“no” then the number (base 2) is the 21 digit number consisting of 1 followed 
by twenty zeros. If at least one answer is “yes” then the number contains at 
most twenty digits, each of which has been determined. 


Also solved by N. Balasulxamanian, D. H. Browne, D. G. O. Connor, R. E. 
Ekstrom, N. J. Fine, Daniel Finkel, L. O. Heflinger, Ray Jurgensen, H. C. 
Kranzer, Sidney Kravitz, Roger Lessard, C. S. Ogilvy, M. W. Oliphant, L. A. 
Ringenberg, Azriel Rosenfeld, C. M. Sandwick, Sr., P. J. Schillo, R. E. Shafer, 
E. H. Vance, G. W. Walker, and the proposer. 

Connor called attention to Information Theory, by C. E. Shannon, Bell Sys- 
tem Technical Journal, July and October, 1948. 


The Diophantine Equation 1/x?+1/y?=1/z? 
E 917 [1950, 334]. Proposed by Lawrence Ringenberg, Eastern Illinois State 
College 
Find all solutions of the equation 1/x?+1/y?=1/z*, where x, y, 2 are rela- 
tively prime positive integers. 


Solution by H. Ohbayashi, Nagoya University, Japan. Let m be the positive 
integer such that x?=3?++-m. Then 


1/y? = 1/2? — 1/2? = m/2?x?, 


and m is a square, say s*. Thus x, 2, s form a set of Pythagorean numbers. 
Applying the general solution for Pythagorean numbers we have 


where p and g are positive integers with p>gq, (p, g) =1, pg=0 (mod 2), and A is 
any positive integer. Then 
y = = (p? — g°)(p? + 9°)A/2p9. 

Since y is integral it follows that A must be a multiple of 2g, and since x, y, 2 
are relatively prime, we actually have A =2pg. Thus the required solution is 
x= 9"), 2% = 9°), 

with p>g, (p, g) =1, pg=0 (mod 2). 
Alse solved by H. W. Becker, David Berkowitz, Alan Berndt, D. H. Browne, 
Ray Jurgensen, M. S. Klamkin, H. C. Kranzer, Sam Kravitz, Sidney Kravitz, - 


Roger Lessard, C. M. Sandwick, Sr., P. J. Schillo, Elijah Swift, G. W. Walker, 
and the proposer. 


Editorial Note. If x and y are the legs of a right triangle, w the hypotenuse, 
and ¢ the projection of y on w, then z is the altitude on the hypotenuse and s is 
the projection of x on w. All six of x, y, 3, w, s, t are integers. 
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ADVANCED PROBLEMS AND SOLUTIONS 


EpiTeEp By E. P. Starke, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 


4420. Proposed by F. S. Acton, National Bureau of Standards, Institute for 
Numerical Analysis 


Evaluate 


4421. Proposed by N. C. Ankeny, Princeton University 

Prove that there are infinitely many polynomials of degree m with integer 
coefficients, the first being unity, which have m real roots and are irreducible in 
the field of rational numbers. 

4422. Proposed by Jacques Dutka, Rutgers University 


n elements numbered 1, 2, - - - , m, stand in order. In how many ways can 
they be rearranged in a line so that no two are together which originally stood 
together? 

4423. Proposed by Victor Thébault, Tennie, Sarthe, France 


Determine systems of numeration such that there exist pairs of consecutive 
three-digit integers each of which equals the sum of the cubes of its digits. 
(For example, 370 and 371 in the decimal scale.) 


4424. Proposed by Rufus Isaacs, the Rand Corporation, Santa Monica, Cali- 
fornia 


Describe the most general continuous real-valued function f(x)(— © <x 
which satisfies 


f[1 — f(~)] = 1 f(x). 
SOLUTIONS 
Spheres Tangent to a Quadrilateral 


4316 [1946, 586]. Proposed by Victor Thébault, Tennie, Sarthe, France 
Let there be a skew quadrilateral having the sum of one pair of opposite 
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sides equal to the sum of the other pair. Then, (1) there are infinitely many 
spheres tangent to all four sides of the quadrilateral, the locus of the centers 
being a straight line A, (2) the points of contact of any one of the spheres lie on 
a plane perpendicular to A, (3) the sides of the quadrilateral belong to a hyper- 
boloid of revolution which envelops all the spheres and has A for its axis. 


Solution by L. M. Kelly, Michigan State College. We prove first the 


LEMMA. If in any quadrilateral ABCD, P, Q, R, S are four points on the seg- 
ments AB, BC, CD, DA, respectively, such that AP=AS, BP=BQ, CQ=CR, 
DR=DS, then the points P, Q, R, S lie on a circle. 


Proof. Suppose ABCD is a plane, convex quadrilateral. It is evident from a 
diagram that the sum of the angles at P and R equals the sum of the angles at 
Q and S in the quadrilateral PQRS, and hence the quadrilateral is cyclic. A 
similar proof holds if the quadrilateral is in a plane but not convex. 

To extend the proof to a skew quadrilateral, we first observe that by Car- 
not’s theorem (Court, Modern Pure Solid Geometry, p. 111) the four points 
P, Q, R, S are coplanar. Now project A, B, C, D onto the plane of PQRS ob- 
taining the plane quadrilateral A’B’C’D’. From the congruent triangles APA’ 
and ASA’ it follows that A’P=A’S, etc. It is thus clear that the plane quadri- 
lateral and the points P, Q, R, S satisfy the conditions of the preceding para- 
graph, and that the points P, Q, R, S are thus concyclic. 

It should be noted from the congruent triangles APA’ and ASA’ that angles 
ABA’ and ASA’ are equal. Thus the four sides of the skew quadrilateral make 
equal angles with the plane PQRS or with its normal. 


Proof of Main Theorem. Let AB be the shortest side of the quadrilateral. We 
will concern ourselves with internal division of segments although the results 
can be extended to include both internal and external division. Corresponding 
to any point P on the segment AB there will be a quadruple of points P, Q, R, S 
which satisfy the conditions of the above lemma. Thus the points P, Q, R, S 
lie on a circle. If P’, Q’, R’, S’ are a second quadruple, their plane is parallel to 
that of PQRS since PS is parallel to P’S’, etc. Furthermore the center of circle 
PQRS is on the perpendicular bisecting planes of the segments PQ, QR, RS, PS. 
But these planes are also the perpendicular bisectors of the segments P’Q’, 
Q’R’, R'S’, P'S’. Thus the centers of all such circles lie on a line. This is the line 
A. It is now clear that if the line AB be revolved around A generating a hyper- 
boloid of revolution, the surface will contain the other three lines. 

Now if PQRS is one such quadruple of points, select a point O on A such 
that angle OPA is a right angle. From the congruent triangles OPA and OSA 
it follows that ASO is also a right angle, etc. Thus O is the center of a sphere 
tangent to the four sides of the skew quadrilateral. 

Finally it is certainly true that the normals to the surface at P, Q, R, S 
(these points being on a “latitude circle”) meet on the axis A and that they are 
perpendicular to the sides of the quadrilateral. Thus OP is both a normal to the 


| 
| 
t 


44 ADVANCED PROBLEMS AND SOLUTIONS [January, 


sphere and the surface, and the hyperboloid envelopes the spheres. 
Also solved by Robert Bouvaist, Joseph Langr, and the Proposer. 


Circle and Circumscribed Quadrangle 
4323 [1948, 643]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Let ABCD be a convex quadrangle circumscribed about a circle with center 
O, and let A’, B’, C’, D’ be the points of tangency of the sides BC, CD, DA, AB. 
Consider the circles (OA, B), (OA, D) tangent to OA at O and passing, respec- 
tively, through the vertices B, D neighboring A. Consider also the analogous 
circles tangent to OB, OC, OD at O. (1) The pairs of circles (OA, B) and (OD, 
C), (OB, C) and (OA, D), (OC, D) and (OB, A), (OD, A) and (OC, B) respec- 
tively intersect at V on BC, Pon CD, Q on DA, M on AB. (2) The quadrangle 
MNPQ isa parallelogram with center O having its sides parallel to the diagonals 
of ABCD and its diagonals parallel to those of A’B’C’D’. (3) The centers of 
the circle and of the equilateral hyperbola circumscribing A’B’C’D’, and the 
Miquel point of the complete quadrilateral formed by the sides of the quadrangle 
ABCD, are collinear. 


Solution by J. W. Clawson, Ursinus College, Collegeville, Pennsylvanta. Let 
AB and DC intersect at R and AD and BC at S. The given circle will be used 
as the basic circle for an inversion. The inverses of A, B, C, D, R, S are the 
middle points of C’D’, D’A’, A’B’, B’C’, B'D’, A'C’. We shall call these 
A, Bi, Ci, Di, Ri, Si, respectively. 

The circles (OA, B), (OD, C) invert into straight lines through B, parallel to 
OA, and through C; parallel to OD,. Let these intersect at Ni. Now angle 
B,N,C,=angle Ai0D,=supplement of angle B’C’D’. Again angle B,OC,=sup- 
plement of angle B’A’D’. Hence, N, lies on the circle B,C,O, and so its inverse 
N lies on BC. 

Further A,B,C,D, is a parallelogram. Hence sides of triangles OA,B, and 
P,D,C, are respectively parallel and the corresponding sides are equal. Thus 
D,P; (and also BN) is equal and parallel to OAx, with similar results for 
analogous lines. Again, since OA:B,M, is a parallelogram, ON; is equal and 
parallel to A,B,. Similarly OQ; is equal and parallel to A,B;. Hence O bisects 
NiQ:. In the same way O bisects MiP:. Now A,B; is parallel to A’C’. Hence 
the diagonals of MNPQ are parallel to those of A’B’C’D’. Again, since triangles 
M,B,N, and C,OA; have two pairs of sides equal and parallel, the third pair 
M,N, and A,C, are also equal and parallel. Thus the sides of MN PQ are parallel 
to the diagonals of A:B,C,D, and hence of ABCD. 

Now the inverses of the circles ABS, - - - which meet at F, the Miquel (focal, 
Wallace) point of the circumscribed quadrilateral, are the circles A,B,S,, - 

But these are the nine-point circles of A’C’B’, - - - , since they pass through the 
midpoints of the sides of these triangles. It is well known that these four nine- 
point circles are concurrent at H; the orthic center of the quadrangle A’B’C’D’, 
at which point perpendiculars from the midpoints of the sides to the opposite 
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sides also meet. It is also well known that the center of a rectangular hyperbola 
circumscribed about a triangle lies on its nine-point circle. It follows immedi- 
ately that the inverse point of F is the center of the rectangular hyperbola which 
circumscribes A’B’C'’D’. It is thus established that O, F, H are collinear. 

Also solved by Robert Bouvaist, and the Proposer. 


Euler Lines 
4328 [1949, 39]. Proposed by Victor Thébault, Tennie, Sarthe, France. 


Given a triangle ABC whose altitudes are 4A’, BB’, CC’. Prove that the 
Euler lines of the triangles AB’C’, A’BC’, A’B’'C are concurrent on the nine- 
point circle at a point P which is such that one of the distances PA’, PB’, PC’ 
equals the sum of the other two. 


I. Solution by O. J. Ramler, Catholic University, Washington, D. C. Triangles 
AB’C’ and A’B’C are directly similar with B’ as center of similitude. The 
triangles BC’A’, B’C’A and CA’B’ are similar in pairs with C’ and A’ as centers 
of similitude respectively. Hence A’B’C’ is the triangle of similitude and the 
nine-point circle is the circle of similitude. The perpendicular bisectors of 
B'C’, C'A', A’B’ are concurrent and are corresponding lines. Hence they cut the 
circle of similitude in the three invariable points, A’’, B’’, C’’. Moreover the 
orthocenters H,, Hy, H., of AB’C’, A’BC’, A’B’C, respectively, are correspond- 
ing points. Hence the triangles A’’B’’C’’ and H.H,H, are perspective from a 
point on the circle of similitude, i.e., the Euler lines AB’C’, A’BC’, A'B’C are 
concurrent on the nine-point circle at a point P. 

The property PA’+PB’+PC’=0 was proved by the Proposer in an 
article in this MonTHLy [1947, 448]. 


II. Note by R. Goormaghtigh, Bruges, Belgium. The theorem may be gen- 
eralized as follows: 

The triangles AB’C’, BC’A’, CA’B’, formed by the vertices of a triangle 
ABC and tite feet A’, B’, C’ of the altitudes 4A’, BB’, CC’ are similar to 
ABC; the circumdiameters of these triangles homologous to a given circum- 
diameter A of ABC are concurrent ata point P on the nine-point circle, and PA’, 
PB’, PC’ equal the distances from A, B, C to A. 

The point P is the orthopole of A as to the triangle ABC and both properties 
contained in this generalization appear in my article on The Orthopole. Téhoku 
Mathematical Journal, Sendai, 1926, p. 93. The first part of the problem, about 
Euler lines meeting in a point, was mentioned by Visschers in Mathesis, 1922, 
p. 187, and I gave the above generalization of that part in Mathesis, 1922, p. 
403. 

When A is the Euler line of ABC, as considered in the present problem, A 
passes through the centroid of ABC and one of the distances from A, B, C, to 
A equals the sum of the two others. 

Also solved by J. W. Clawson, Joseph Langr, and the Proposer. 
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Two Triangles Inscribed in a Circle . 
4338 [1949, 186]. Proposed by R. Bouvaist, Vincelles, Saéne-et-Loire, France 
For any given triangle ABC inscribed in a circle (O), there are three points 
a, B, y on (O) such that the segments determined by the sides of angle BAC on 


the tangents to (O) at a, B, y have a, B, y, respectively, for their midpoints. 
Show that the orthocenter of triangle afy is the midpoint of BC. 


Solution by J. W. Clawson, Ursinus College, Collegeville, Pa. We shall repre- 
sent A, B, Cas turns h, fa, ts on a unit circle (O) in the complex plane. If T, any 
point on (OQ), is given by turn ¢, the equations of AB and of the tangent at T are 


ZH bytes = ty + te, a+ = 
The point C’ in which the tangent at T intersects AB is given by 
= t(2tite thy tte) / (tite #), 


while the analogous point B’ has the representation t’’ which is the same except 
that & is replaced by ¢;. The midpoint of B’C’ is given by (¢’+?’’)/2. Equating 
this to ¢ and removing the factor (¢—#), we obtain the cubic 


228 (te ts)t? ti (te ts)t + 2trtets = 0. 


Now for any three points on (O) the turn representing the orthocenter is the 
sum of the turns corresponding to the three points. Hence, if these points are 
a, B, y, the roots of the above cubic, then their orthocenter is (t+¢3)/2, which 
is the midpoint of BC. 

Also solved by R. Goormaghtigh, Roger Lessard and by the Proposer. 


Editorial Note. Goormaghtigh remarks that, if we further introduce the no- 
tion of mean triangle connected with a given triangle in the sense defined by 
Delens, Mathesis, vol. 51, 1937, p. 264 (see also this MONTHLY, vol. 47, 1940, 
p. 140; vol. 53, 1946, p. 200), we find the following theorem: 

The triangles aBy and ABC have opposite means. 


Number of Equivalence Relations for n Elements 


4340 [1949, 187]. Proposed by N. S. Mendelsohn, University of Manitoba, 
Canada 


Let f(m) be the number of distinct equivalence relations connecting  ele- 
ments. Show that 


jk — 9)! oy 1! 
(n—r)!\O! 1! 2! 3! ( r! 


and find an asymptotic formula for f(m) as n> ©, 
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Note. For equivalence relations and their connection with partitions see 
Birkoff and MacLane, Survey of Modern Algebra, pp. 159 ff. 


Solution by John Riordan, Bell Telephone Laboratories, New York City. 


The number of equivalence relations for m elements is, by the noted connection 
with partitions, the number of ways of distributing ” things into 1, 2,---,n 
like boxes. By proposition XXIV of Whitworth, Choice and Chance, London, 
1901, this latter has the exponential generating function exp (e'—1); that is 


n=0 n!} 


Hence f() is an exponential number or Bell number of order 1, and is calculable 
by the relation 


Also, by Herschel’s theorem applied to exp (e*—1), 
(1) fin) = 
z=0 


where 
A70" = (E— 1)70"= — k)*. 
k= k 
Rearrangement of this series leads to the result stated, namely 
(n—m)" dm 
m=0 (n - m)! m! 
where d,=A”0! is a rencontres or displacement number: 


The asymptotic relation for the exponential numbers given by Knopp, 
Theory and A pplication of Infinite Series, London, 1928, p. 563, is 


n!} log n 


Also solved by Max LeLeiko and by the Proposer. 


Editorial Note. In a paper by G. T. Williams, Numbers Generated by the 
Function exp (e7—1), this MonTHLY, 1945, pp. 323-327, the present f(m) is 
called G, and the “number of distinct equivalence relations connecting n ele- 
ments” is referred to as the “number of ways in which a product of nm distinct 


| 
| 
| 
| 
| 


48 ADVANCED PROBLEMS AND SOLUTIONS [January, 


primes can be factored’’; the identity of these statements can be seen when the 
convention is made, in the latter assertion, that any two primes which occur in 
the same divisor in the factorization in question shall be considered equivalent. 
The statement that G, is the sum of all the Stirling numbers of the second kind is 
equivalent to (1) in the above solution. 

Williams refers further to the extensive critical bibliography given in L. F. 
Epstein, A Function Related to the Series for exp (e*), Journal of Mathematics 
and Physics, July 1939, and to his proofs of a number of asymptotic expressions 
for G, (which he calls K,), the simplest of which would seem to be 


neil loan n 
K,~( 
log n 


Division Ring 
4345 [1949, 269]. Proposed by Irving Kaplansky, University of Chicago. 


An element x in a ring is said to be right quasi-regular if there exists an 
.element y with x+y+xy=0. It is evident that in a division ring, every element 
except —1 is right quasi-regular. Prove the converse: if every element in a ring 
A is right quasi-regular, with exactly one exception, then A is a division ring. 


Solution by Robert Steinberg, University of California, Los Angeles. Let e be 
the one exception. Evidently e0. 


(1) Since e+(—e+y—ey)+e(—e+y—ey) = —e?+y—e?y40 for all y, it 
follows that —e?=e or e?+e=0. 

(2) x-++-ex=0 for all x. For, e+x+ex#e implies the existence of a y such 
that e+x+ex+y+(e+x+ex)y=0; and left multiplication by e gives, by (1), 
e?=0 or e=0 which is impossible. Similarly, and using the result just obtained, 
x-+xe=0 for all x. Thus —e is the unit element of A. 

(3) The equation x+y+«y=0 can now be written 


= —e for e 


or X Y= —e for X #0, where X=x—e, Y=y—e. Thus every X of A different 
from 0 has an inverse, so that A is a division ring. 
Also solved by R. C. Buck, J. W. Gaddum, I. N. Herstein, N. D. Lane, J. E. 


McLaughlin, Alex Rosenberg, R. D. Schafer, Daniel Sokolowsky, W. L. Stamey, 
Olga Taussky, and the Proposer. 


Editorial Note. The Proposer suggests as generalization the consideration of 
rings in which all elements are right quasi-regular with a finite number 1 of ex- 
ceptions. If is prime the analysis is relatively easy in terms of the Jacobson 


radical; for n composite he gives’no results. See also N. H. McCoy, Rings and 
Ideals, 1948, pp. 132, ff. 
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Greatest Integer Function 
4346 [1949, 343]. Proposed by N. S. Mendelsohn, University of Manitoba. 


Prove that 


for any positive integer m. The brackets denote, as usual, the greatest integer 
function. 

I. Solution by R. C. Buck, University of Wisconsin. This is a special case of 
a previous problem, no. 4199 [1947, 487], with r=2, a=1, n—1 in place of n, 
and v=o. 


A direct proof can be given quite briefly. Let 


n—1= a, = 0, 1. 


k=O 
Then 


—1 1 
[+5] 


so that by summing we have 


r—l m=1 r=1 


= = — 1. 


m=(0 
II. Solution by H. S. Zuckerman, University of Washington, Seattle. The in- 
tegers 1,2, 3, - - , mare given, each just once, by 
m 


Counting these integers we find 
mM 
r—l 


which is the desired result with m=n—1. 
Since [x4] is the nearest integer to x, taking the larger one if there are two, 
the result can be expressed in the following interesting form: The true equation 
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remains correct if we replace each fraction by its nearest integral approximation, 
again using the larger one if two are equally close. 

Also solved by Michael Aissen, Murray Barbour, W. D. Berg, D. H. Browne, 
W. M. Frank, L. S. Kennison, M. S. Klamkin, M. S. Knebelman, N. D. Lane, 
D. H. Lehmer, Roger Lessard, Leo Moser, Ivan Niven, S. T. Parker, Alex 
Rosenberg, and the Proposer. 


Editorial Note. Lehmer gave the present result as an application of the main 
theorem in An Inversive Algorithm, Bulletin of the American Mathematical 
Society, 1932, p. 693. He also notes the following generalization 


a—l mM kat—* 
k=l a 


Knebelman considers the generalization where x is not necessarily an integer: 
If m>0, then 


2° 
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editors or officers of the Association. 


Introduction to Algebraic Geometry. By J. G. Semple and L. Roth. Oxford Uni- 
versity Press, 1949. 16+446 pages. $7.50. 


The number of introductory books in English on Algebraic Geometry is un- 
fortunately quite small. Such introductory material as does exist treats, for the 
most part, with the theory of curves: there is hardly a single introductory work 
on surfaces. The present textbook is therefore particularly welcome to a scanty 
literature. 

Semple and Roth have attempted to give a survey of the development of 
Algebraic Geometry over the past 100 years; some of the topics covered are: 1) 
the projective theory of curves and surfaces in r-space, including a discussion of 
these as partial intersections of r—1 and r—2 hypersurfaces; plenty of illustra- 
tions are given; 2) the birational theory of curves, including linear and algebraic 
series; and the theory of correspondences between points on two curves; 3) the 
representation of rational 3-folds and rational surfaces respectively by linear sys- 
tems of surfaces and curves, illustrated, in the case of surfaces, by a large num- 
ber of special cases; for example, it is in this way that the 27 lines upon the gen- 
eral cubic surface are studied; 4) line geometry; 5) an exposition of the incidence 
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calculus of Schubert, that is, of that method invented by Schubert which is 
intended to answer the question of how many configurations of a specified type 
fulfill a specified condition; and 6) a final chapter on surfaces. 

It is clear from this quite brief list that no complaint of paucity of topics can 
be lodged against the Introduction. If anything, the book covers too much ma- 
terial. This in itself would be no criticism, but the inclusion of so much material 
in so few pages presumably has led to a treatment “which may trouble the minds 
of some readers” (p. iii). Theorem 1, for example, asserts that in r-space there 
is a unique hyperplane through 7 general points. Actually there is no lack of pre- 
cision in that statement, but the few words needed to make it clear are not given. 
(The authors use the term “general point” not in the usual sense of van der 
Waerden, but to refer to a point in non-special position.) Another theorem 
(p. 123) states that the “general” 3-space cubic surface can be written as a 
3X3 determinant set equal to zero, where the nine entries are linear forms: 
here again “general” means “non-special,” but the fact that a sketch of the 
proof refers to the principal of counting constants, so that tacitly the term 
“general” is used in two senses, might easily confuse a reader not familiar with 
either sense. 

A more serious criticism is, however, the fact that in place of a definite alge- 
braic technique there is substituted a tacit and vague assumption that the vari- 
ous elements entering into an algebro-geometric configuration must somehow 
be algebraically related, an assumption which no doubt has heuristic value. 
Consider, for example, the situation in the theorem on p. 61; there one has a 
series of sets G" of m points on a line (that is, the 2 solutions x of a polynomial 
equation H(t, x) =0, t, a parameter) of which it is assumed that i) the points of 
a generic set G* of the series are all distinct and all variable, and ii) an arbitrary 
point of the line belongs to precisely one set of the series. If one makes an 
arbitrary point x’ on the line correspond to the other »—1 points x of the G” 
containing it, then one obtains in this way an (m—1, m—1) correspondence 
x’«+x, and it is very plausible to suppose that the correspondence is algebraic, 
that is, that there exists a polynomial relation F(x, x’)=0. But what is the 
proof? The text does not even hint that there is a question here. Actually the 
amount of algebra required in this connection, and for the most part through- 
out, is quite limited, and it seems unfortunate that this minimal quantity of 
algebra was not exploited, or at any rate illustrated in a brief fashion at, say, 
two or three places in the book, so that the reader might know more or less what 
is involved and have a confident feeling that the gaps in the argument could be 
removed. 

There is no question that the study of this book can be richly rewarding. In 
extenuation of any of its possible defects, it may be emphasized that no com- 
parable exposition of the material covered is available in any other text in 
English. 

ABRAHAM SEIDENBERG 
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Advanced Calculus For Engineers. By F. B. Hildebrand. New York, Prentice 
Hall, 1949. 14+594 pages. $6.00. 


This book is not written from the standpoint of analysis, as the Advanced 
Calculus part of its title might lead one to suppose. Instead, its scope and man- 
ner of presentation are more nearly what one would expect to find in a book on 
applied or engineering mathematics. In fact, it could almost be considered as a 
book on differential equations from the applied viewpoint. 

There are four chapters on ordinary differential equations, Chapters 1, 3, 
and 4 being on analytical, numerical, and series methods of solution, and 
Chapter 5 on boundary value problems. In addition, there are the following 
chapters: Chapter:2 on the Laplace transform, Chapter 6 on vector analysis, 
Chapter 7 on partial differential equations, Chapter 8 on solution of partial 
differential equations in mathematical physics, and Chapter 9 on complex 
variables. The chapters are largely independent of each other. For example, the 
Laplace transform, though introduced in Chapter 2, is used only in one isolated 
case in the rest of the book. The reviewer was most favorably impressed by 
Chapters 4, 5, 7, and 8. The book contains a wealth of material concisely and 
accurately presented, with examples from time to time to illustrate the theory. 
The many fine problems at the end of each chapter (an average of 32 per 
chapter) serve to illustrate portions of the text and to introduce additional ma- 
terial. Answers are given to all problems. 

The reviewer feels that the author should have made more use of diagrams 
to aid and illustrate his explanations. Also, it would seem better to use less fre- 
quently such phrases as “Thus it might be expected that... . ”, “The appear- 
ance of the equation suggests....”, “It is clear that....”, to imply that 
something follows obviously, when often it does not—especially not to the be- 
ginner. The reader will probably find a need for working out missing steps oc- 
casionally, as the author often leaves out details of manipulation. Then too, it 
is recommended that one read carefully and ponder as he reads, since otherwise 
the significance of many comments could be missed. 

Since the book is more informative than instructive and is rather condensed, 
it does not seem desirable for use as a textbook except for very good students, 
or ones who have had a considerable amount of applied mathematics. Because 
the topics are somewhat independent of each other, however, and many of them 
very fine, portions of the book might be used to advantage in some courses. As 
a reference book it should be excellent. In fact, the reviewer recommends it very 
highly for the library of every person who uses or expects to use mathematics to 
tackle physical problems. When using it for reference, the reader should be sure 
to look at the examples at the end of each chapter, since much new material is 
given there in the form of problems. 


W. P. REID 
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First-Year Mathematics for Colleges. By P. R. Rider. New York, The Macmillan 
Company, 1949. 15+714 pages. $5.00. 


This book contains those topics in algebra, plane trigonometry, and plane 
and solid analytic geometry usually given in a first year college course in mathe- 
matics. In general, it reprints within the compass of a single volume the contents 
of its author’s College Algebra, Plane Trigonometry, and Analytic Geometry with 
occasional changes in wording and some rearrangement of material. The only 
topics from these books which are omitted from the present volume seem to be 
the methods of solution of cubic and quartic equations of Cardan and Ferrari 
and finite differences. The exercises in trigonometry and analytic geometry are 
essentially the same as in the parent volumes, while those from algebra are new 
and somewhat more numerous. The order of topics is as follows: elementary 
algebra through quadratics and progressions (158 pages), logarithms and the 
graphs of exponential, logarithmic, and power functions (40 pages), plane trigo- 
nometry (139 pages), polynomials and the theory of equations (29 pages), plane 
analytic geometry (159 pages), probability, determinants, partial fractions, and 
infinite series (58 pages), and solid analytic geometry (49 pages). There are 19 
pages of tables, a complete index, and answers to odd-numbered problems. 

Besides having the very real merits of clear exposition, well-chosen illustra- 
tive material, attractive diagrams, and numerous exercises possessed by the 
original texts of which it is composed, the book is attractively printed and 
highly readable. Practically no errors were found, except that Figure 38.17, 
noted by a previous reviewer, remains uncorrected. The book should be well 
suited for effective teaching of a course which combines materials from algebra, 
trigonometry, and analytic geometry, and should also serve as a useful reference 
book for elementary college mathematics. 

M. P. FoBEes 
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B. W. Jones. Mathematical Association of America and distributed by John 
Wiley and Sons, New York, 1950. x +212 pp. $3.00. 

Methods of Mathematical Physics. By H. Jeffreys and B. S. Jeffreys. New 
York, Cambridge University Press, 1950. 12+708 pp. $15.00. 
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CLUBS AND ALLIED ACTIVITIES 


EpITED By L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 


student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS, 1949-50 
Pi Mu Epsilon, University of Arkansas 


The following papers were presented before the Pi Mu Epsilon fraternity 
during the year 1949-50: 

Opportunities in Cuba for mathematicians, engineers, and scientists, by Prof. 
B. H. Gundlach 

Report on the Christmas mathematics meetings, by Prof. D. P. Richardson 

Nuclear research and technology, by Prof. H. W. Schwartz of the Physics de- 
partment 

Operation of the automatic Friden calculator, by Mr. R. H. McCarrol. 

The chapter sponsored a very successful tutoring service to aid the slower 
students in mathematics. Members of the chapter volunteered their services, 
and a chairman was named. 

The annual fall initiation banquet was held in December, when 23 students 
were initiated, and an interesting program arranged. 

At each of the monthly meetings, the faculty advisers distributed interesting 
and unique problem sheets to members, to be discussed at the following meeting. 

The officers to serve for the coming year are: President, Bill Spinelli; Vice- 
President, Eric Li; Secretary, Jess Olive; Treasurer, Bill Robinson; Publicity 
Director, Bob Doyle; Faculty Advisers, B. H. Gundlach and S. L. Hull. 


Pi Mu Epsilon, New York University 


The following topics were presented at meetings of the Delia Chapter of Pi 
Mu Epsilon at Washington Square College of New York University during 
1949-50: 

Convex sets, by Rudolph van Heijenoort of the Mathematics Department of 
Washington Square College 

Theory of relativity, by Prof. B. Hoffman of Queens College 

Computing machines, by Eleanor Krawitz of the Watson Scientific Labora- 
tories of Columbia University 

Mathematical applications to some sensory constructs, by Mr. Victor Twersky 
of the Institute for Mathematics and Mechanics. 

A business meeting was held to discuss the revision of the constitution and 
election of new officers. 

The annual Pi Mu Epsilon dinner took place at the Fifth Avenue Hotel. 
Prof. Albert Hofstadter of the Philosophy department spoke on Mathematics 
and philosophy. 

At an April meeting Dr. B. MacMillan of the Bell Telephone Laboratories 
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spoke on An introduction to information theory. 

The following officers and committees were elected for the school year 1950- 
1951: Chapter Director, Elaine Weiss; Vice-Director, Alvin Saperstein; Secre- 
tary-Treasurer, Mordecai Schwartz; Faculty Advisor and Permanent Secretary, 
Dr. Gottfried Noether. 


Pi Mu Epsilon, University of Missouri 


Forty-eight members were initiated in the Missouri Alpha Chapter of Pi 
Mu Epsilon during the year. Programs of interest were the following: 

Mathematics among the Babylonians, by Prof. Herman Betz 

Some Diophantine problems, by Prof. W. R. Utz 

Coverage theorems, by Prof. L. M. Blumenthal 

Examples of non-linear vibrations, by Prof. George Ewing 

Mechanism of calculating machines, by Prof. Paul Burcham. 

The “Problem of the Month’”’ was posted at the beginning of each ental 
and a one-dollar prize was posted for the first person submitting a contest solu- 
tion. 

Winners in the annual calculus competition were: Delbert Calvert, first 
prize $15.00; Harley Newsom, second prize $10.00; and Charles Floyd, third 
prize, $5.00. 

The annual banquet was the high light of the year. Ninety-two members and 
guests were present. Prof. Herman Betz served as toastmaster, calling on the 
following persons for short talks, Prof. G. Ewing, Miss Mary Cummings, Sidney 
Minnick, Bill Nichols and David Neebe. 

Officers for 1950-51 are: President, David Neebe; Vice-President, Richard 
Wood; Secretary, Raymond Poyner; Treasurer, Aldo Linsenbardt; Faculty Ad- 
viser, Miss Mary Cummings. 


Graduate Mathematics Club, Indiana University 


The Graduate Mathematics Club instituted a policy of having short talks by 
graduate students in addition to the talks by members of the department of 
mathematics. The topics and speakers were: 

Squaring the circle, by Dr. V. Hlavaty 

On the arrangement of squares, by Dr. W. Gustin 

The sandwich problem, by Dr. J. W. T. Youngs 

Helly’s theorem in the plane, by I. Reff 

Every integer is the sum of four squares, Mrs. Thompson 

e is transcendental, by J. A. Sullivan 

The probability that two integers are relatively prime, by W. Perel 

An isoperimetric problem, by J. B. Serrin 
Weterstrass approximation theorem, by D. E. Van Tijn = 
A proof of Bertrand’s postulate, by N. Shklov | 
The existance of a free group, by L. C. Graue 2 
The derived congruences of Darboux, by L. K. Frazer : 
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Poincare’s recurrence theorem, by D. M. Nead 
A paradox, a most ingenious, by W. F. Brown 
The Banach-Tarski paradox, by B. H. McCandless. 


The executive committee for this year consists of: David Van Tijn, Lowell 
Frazer, and Israel Reff. 


Kappa Mu Epsilon, Upsala College 


The New Jersey Alpha Chapter of Kappa Mu Epsilon had six regular meet- 
ings and three special meetings during the year 1949-50. The regular meetings 
were devoted to the background and foundation of elementary mathematics by 
means of student papers. These covered algebra, geometry, analytics, and cal- 
culus, and were given by Victor Valentino, James Christakos, William Stachel, 
Edward Alquist, Ethel Larson, and Robert Ruppert. In addition, Prof. M. A. 
Nordgaard discussed the contribution of the Arabs to our present type of 
algebra, and Prof. Robert Reed and Prof. Donald Lindtvedt gave two talks 
entitled Previews of topics in graduate mathematics. 

The New Jersey Beta Chapter of Kappa Mu Epsilon at Montclair Teachers 
College, invited the fraternity to a social hour and a talk by Prof. Howard Fehr on 
Appreciation of elementary mathematics. Upsala’s Mathematics Club and Kappa 
Mu Epsilon Chapter had a joint social meeting at which Prof. Virgil Mallory 
spoke on the Foundation of our enumeration and notation. The annual banquet 
and initiation of new members was held; Prof. Edward Molina was the honor 
guest and speaker. 

The officers for 1950-51 are: President, William Stachel; Vice-President, 
Lloyd Johnson; Treasurer, Robert Ruppert; Secretary, Ethel Larson; Recording 
Secretary, Dr. M. A. Nordgaard; Historian, Prof. D. Lindtvedt. 


Pi Mu Epsilon, University of Wisconsin 


The chapter’s program for 1949-50 included the following talks: 

A uniqueness theorem, by Prof. O. G. Owens 

Application of elliptic functions to geometry, by Joseph Zemmer 

Applications of matrices to linear algebras, by Jacob Goldhaber 

The endomorphisms of a finite Abelian group, by Donald Morrison 

An extension of the Hermite canonical form for a matrix, by Leonard Fuller. 

In the fall a get-acquainted open house was held for the mathematics 
faculty, graduate students and guests. A picnic and the initiation banquet were 
held in the spring. 

Officers for 1949-1950 were: President, Gerald P. Dinneen; Vice-President, 


Leonard E. Fuller; Secretary-Treasurer, Doris Efram; Faculty Adviser, Prof. 
R. E. Fullerton. 


Pi Mu Epsilon, University of California, Los Angeles 


The California Alpha chapter of Pi Mu Epsilon has had eight meetings dur- 
ing 1949-50. Of these, two were purely business meetings, two were to initiate 
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new members, and four had speakers or other programs. The programs included: 

Summability and Tauberian theorems, by Dr. G. Milton Wing 

The theory of plasticity, by P. G. Hodge 

Unified field theory, by Dr. E. G. Straus 

The Putnam prize examination: Solutions were presented by the team com- 
posed of John Juhns, Genevevo Lopez, John Harrington, William Sibley and 
William Stalder. 

The chapter sponsors an annual contest in calculus. First prize went to 
Leonard Ross, second prizes to Seymour Singer and to Jack Sandweiss. 

Twenty-eight new members were initiated at the two initiation meetings. 
As is the chapter custom, the first was held in January at a local restaurant, and 
the May meeting was held at the home of one of the members of the faculty. 

The officers for 1950-51 are: Director, Irving Glicksberg; President, Rhodo 
Cagan; Secretary, James Jackson; Treasurer, Dr. W. Puckett, Jr.; Faculty Ad- 
viser, Dr. G. Milton Wing; Membership Committee, Erick McAllister, David 
Pope, Richard Tibbitts; Library Committee, William Bade, Milton Galper, 
Edward Law. 


Michigan Undergraduate Mathematics Conference 


At the spring meeting of the Michigan Section of the Mathematical Associa- 
tion of America, a special undergraduate conference was held. The Wayne Uni- 
versity chapter of Kappa Mu Epsilon and the Officers of the Michigan Section 
of the Association were joint sponsors of this conference. Seventy-nine students 
representing eight colleges in Michigan and Ohio attended. 

The students heard papers presented by members of the Michigan Section 
during the morning session and, after a luncheon at the Michigan Union, 
visited the rare books collection and statistics laboratories on the University of 
Michigan campus. During the special afternoon session for undergraduates the 
following papers were presented: 

Solutions of the quadratic equation, by Raymond Gillespie, Albion College. 

Mechanical brains, by Richard Little, Central Michigan College of Educa- 
tion 

The inverse integral of the LaPlace transformation, by Christoph Neugebauer, 
University of Dayton 
Notes on the beginnings of calculus taken from original sources, by students of 
the University of Michigan: 

(a) Isaac Barrow’s differential triangle, by David Lincoln 

(b) Newton's approaches to the calculus, by Cecelia Woodworth 

(c) Leibniz’ first paper in Acta Eruditorum, by Charles Federspiel 

Gibb’s phenomenon, by Marvin Snider, Wayne University 

Complex Fourter sertes, by Richard Segers, University of Dayton. 

The Kappa Mu Epsilon chapter at Central Michigan College of Education, 
Mt. Pleasant, is sponsoring another undergraduate conference which will be 
held in the spring of 1951. 
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NEWS AND NOTICES 


EDITED By EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


POSTDOCTORAL FELLOWSHIP OF SIGMA DELTA EPSILON 


Sigma Delta Epsilon, graduate women’s scientific fraternity, announces that 
it will award a postdoctoral fellowship for the year 1951-52. The stipend will be 
$1,600. Applications should be submitted before February 1, 1951, to the Fellow- 
ship Awards Board authorized to make the award. 

Women with the equivalent of a Ph.D. degree, carrying on research in the 
mathematical, physical, or biological sciences, who need financial assistance and 
give evidence of high ability and promise are eligible. During the term of her 
appointment the appointee must devote the major part of her time to the ap- 
proved research project and not engage in other work for remuneration (unless 
such work shall have received the written approval of the Awards Board before 
the award of the fellowship). 

Application blanks may be secured from Dr. Mayme I. Logsdon, The Uni- 
versity of Miami, Coral Gables 46, Florida. Announcement of the award will be 
made early in March. 


PERSONAL ITEMS 


Mrs. Elsie M. Buck of Boise Junior College was the representative of the 
Association at the inauguration of President P. M. Pitman of the College of 
Idaho on October 14, 1950. 

Professor H. V. Craig of the University of Texas represented the Association 
at the inauguration of President M. T. Harrington of Texas Agricultural and 
Mechanical College on November 9, 1950. 

Professor I. O. Horsfall, University of Utah, was appointed to represent the 
Association at the Diamond Jubilee in Commemoration of the Founding of 
Brigham Young University on October 16-17, 1950. 

Mrs. L. S. Hunter of Virginia State College served as representative of the 
Association at the inauguration of President R. P. Daniel of Virginia State 
College on October 14, 1950. 

Associate Professor J. H. Roberts, Duke University, was the representative 
of the Association at the inauguration of President Gordon Gray of the consoli- 
dated University of North Carolina on October 8-10, 1950. 

Assistant Professor Edith R. Schneckenburger of the University of Buffalo 
represented the Association at the Convocation for the formal presentation of 
the University Charter to St. Bonaventure University on October 4, 1950. 

Canisius College announces the promotions of Assistant Professor James 


McGowan to an associate professorship and Instructor Frank Davenport to an 
assistant professorship. 
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Cornell University announces the appointments of Dr. W. H. J. Fuchs, 
lecturer at the University of Liverpool, to an associate professorship and of 
Dr. A. S. Shapiro, formerly A. E. C. fellow at the University of Chicago, to an 
instructorship. 

Duquesne University reports: Assistant Professor Ruth E. Goodman has 
been promoted to an associate professorship; Mr. B..L. Schwartz has been ap- 
pointed to an instructorship. 

Florida State University announces the following appointments: Professor 
H. H. Hyman of Henderson State Teachers College to an associate professor- 
ship; Lecturer S. L. Jamison, University of California at Berkeley, and Dr. E. R. 
Keown, Massachusetts Institute of Technology, to assistant professorships; 
Dr. H. E. Taylor, graduate fellow at Rice Institute, and Mr. W. W. Page, 
graduate student at North Carolina Institute of Statistics, to instructorships. 

Georgia Institute of Technology announces: Professor D. M. Smith has 
retired as Chairman of the Department but continues as Professor of Mathe- 
matics; Professor H. K. Fulmer has been named Acting Head of the Department 
of Mathematics; Associate Professors A. H. Bailey and Walter Reynolds have 
been promoted to professorships. 

Massachusetts Institute of Technology reports: Associate Professor G. B. 
Thomas, Jr. has been appointed Executive Officer of the Department; Associate 
Professor Raphael Salem has been promoted to a professorship; Assistant Pro- 
fessors Warren Ambrose, F. B. Hildebrand and G. B. Thomas, Jr. have been 
promoted to associate professorships; Dr. Walter Rudin and Dr. I. M. Singer 
have been appointed C. L. E. Moore Instructors. 

At McMaster University: Dr. D. B. Sumner, formerly senior lecturer at the 
University of Witwatersrand, has been appointed to an assistant professorship; 
Mr. F. R. Britton has been promoted to the position of lecturer. | 

Newark College of Engineering announces the promotions of Assistant Pro- 
fessor Harold Wasson to an associate professorship and of Instructor Herbert 
Barkan to an assistant professorship. 

Rensselaer Polytechnic Institute makes the following announcements: In- 
structors A. S. Hendler and M. R. Spiegel have been promoted to assistant pro- 
fessorships; Mr. W. R. Beck, instructor at Fort Wayne Center of Purdue Uni- 
versity, has been appointed to an instructorship. 

Texas Technological College announces the appointments of Professor 
Gordon Fuller of Alabama Polytechnic Institute to a professorship and Dr. 
Leo Moser of the University of North Carolina to an associate professorship. 

At the University of Alaska: Assistant Professor W. R. Cashen has been 
promoted to the position of Associate Professor and Head of the Department of 
Mathematics; Professor W. E. Duckering, formerly head of the Department of 
Civil Engineering and Mathematics, has been promoted to the position of Dean 
of the University; Mr. E. L. Dolney, previously graduate student at Notre 
Dame, has been appointed to an instructorship. 

The University of Florida reports: Dr. David Ellis of the University of 
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Missouri has been appointed to an assistant professorship; Dr. F. Virginia 
Rhode of the University of Kentucky has been appointed to an instructorship; 
Instructor E. J. Lytle, Jr. has been called to active military duty. 

University of Maryland announces: Mr. W. T. Sharp, previously graduate 
student at Princeton University, has been appointed to an assistant professor- 
ship; Professor Alexander Weinstein has been transferred to the Institute for 
Fluid Dynamics and Applied Mathematics of the University. 

At the University of Michigan: Assistant Professors R. C. F. Bartels and 
Wilfred Kaplan have been promoted to associate professorships; Instructors 
D. A. Darling and W. J. LeVeque have been promoted to assistant professor- 
ships; Dr. J. R. Biichi, Ripon College, Dr. H. C. Davis, Harvard University, 
Dr. J. R. Lee, Yale University, Mr. G. R. Livesay, University of Illinois, Dr. 
J. E. McLaughlin, California Institute of Technology, and Mr. Daniel Resch, 
Syracuse University, have been appointed to instructorships. 

Professor Eugene Alliott of St. Edmund’s Juniorate, Swanton, Vermont, is 
now at St. Michael’s College, Winooski Park, Vermont. 

Dr. D. F. Atkins of the University of Kentucky has been appointed to an 
assistant professorship at Bowling Green State University. 

Dr. P. T. Bateman, previously at the Institute for Advanced Study, has 
been appointed to an assistant professorship at the University of Illinois. 

Mr. E. H. Batho, formerly a student at Fordham University, is now a teach- 
ing assistant at the University of Wisconsin. 

Mr. H. S. Berg, graduate assistant at the University of North Dakota, has 
been appointed to an instructorship at State Teachers College, St. Cloud, Min- 
nesota. 

Assistant Professor C. M. Bjork of Northern Michigan College of Education 
has been promoted to an associate professorship. 

Dr. Archie Blake, who has been Senior Statistician in the Office of Army 
Surgeon General, Washington, D. C., has accepted a position as Treasurer and 
Mathematics Consultant for the Mechanical Research Corporation, Chicago, 
Illinois. 

Professor C. W. Bruce of Wesleyan College has been appointed Head of the 
Physics Department at Tennessee Polytechnic Institute. 

Associate Professor A. H. Clifford of Johns Hopkins University is now in the 
United States Naval Reserve. 

Mr. Harold Glander, formerly a graduate student at the University of 
Chicago, has received an appointment as instructor at Superior State College, 
Superior, Wisconsin. 

Mr. D. A. Gorsline, previously a graduate assistant at the University of 
Oklahoma, is teaching at Cambridge Central School, Cambridge, New York. 

Mr. H. M. Hardy, who has been Head of the Mathematics Department of 
Hillsboro Junior College, has accepted a position as a teacher in Uvalde High 
School, Uvalde, Texas. > 


Mr. L. C. Hartsell has been appointed to an assistant professorship at State 
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Teachers College, Troy, Alabama. 


Associate Professor L. D. Hemenway of Simmons College has been promoted 
to a professorship. 

Assistant Professor Shizuo Kakutani of Yale University has been promoted 
to an associate professorship. 

Mr. W. D. Krentel, formerly a graduate fellow at Oklahoma Agricultural and 
Mechanical College, is now in the United States Air Force, Brooks Air Force 
Base, San Antonio, Texas. 

Associate Professor R. R. Kuebler, Jr,, is on leave of absence from Dickinson 
College for the purpose of studying at Columbia University. 

Dr. R. C. Lyndon, Princeton University, has been promoted to an assistant 
professorship. 

Associate Professor D. D. Miller of the University of Tennessee has been 
recalled to active duty in the United States Navy. 

Dr. Morris Morduchow of the Polytechnic Institute of Brooklyn has been 
promoted to an assistant professorship. 

Dr. C. V. Newsom, who has been Assistant Commissioner for Higher Educa- 
tion in the State Education Department, New York, has been appointed Associ- 
ate Commissioner for Higher and Professional Education. 

Assistant Professor Abba V. Newton of Vassar College has been promoted to 
an associate professorship. 

Mr. O. L. Phillips, formerly head of the Mathematics Department of 
Mississippi Southern College, is now Director of the Bureau of Field Service and 
Professor of Mathematics at East Carolina Teachers College, Greenville, North 
Carolina. 

Assistant Professor W. P. Reid of the United States Air Force Institute of 
Technology, Wright Field, Dayton, Ohio, has been appointed a mathematician 
at the United States Naval Ordnance Test Station, China Lake, California. 

Dr. Harold Shniad of the University of Southern California has been ap- 
pointed to an assistant professorship at the University of Arkansas. 

Sister M. Madeleine Rose has been appointed President of the College of the 
Holy Names, Oakland, California. . 

Associate Professor Henry Wallman of Massachusetts Institute of Tech- 
nology has accepted a professorship in the Electrical Engineering Department 
of the Chalmers Institute of Technology, Gothenburg, Sweden. 

Mr. R. W. Young of the University of Florida has been appointed Professor 
and Head of the Department of Mathematics of Henderson State Teachers 
College, Arkadelphia, Arkansas. 


Professor C. K. Alexander of Occidental College died on October 4, 1950. 

Associate Professor Joseph Clare of Knox College died on October 11, 1950. 

Mrs. E. H. Moore, Chicago, Illinois, died on October 23, 1950. 

Professor Emeritus A. J. Pyke of the University of Saskatchewan died on 
June 5, 1950. 
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Professor S. E. Rasor of Ohio State University died October 17, 1950. He 


was a charter member of the Association. 


Professor Emeritus S. W. Reaves of the University of Oklahoma who was a 
charter member of the Association died on August 2, 1950. 

Professor Emeritus F. H. Safford of the University of Pennsylvania died on 
October 29, 1950. He was a charter member of the Association. 

Professor Emeritus C. C. Spooner, Northern Michigan College of Education, 
died October 7, 1950. He was a charter member of the Association. 

Associate Professor Arthur Tilley, Washington Square College, New York 
University, died on October 4, 1950. He had been a member of the Association 


for twenty-eight years. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
one hundred and one persons have been elected to membership by the Board of 
Governors on applications duly certified: 


T. M. Ph.D. (California) Asst. Pro- 
fessor, California Institute of Technology, 
Pasadena, Calif. 

P. H. Arnotp, A.B.(Nebraska Wesleyan) 
Grad. Assistant, Kansas State College, 
Manhattan, Kans. 

C, Ayer, Ph.D.(Ohio State) Asst. 
Professor, Wellesley College, Mass. 

Mr. Sour—EN BABIKIAN, B.S.(London) In- 
structor, Aleppo College, Syria 

W. R. Baum, Dr.Sc.Math. (Swiss Fed. Inst. of 
Tech.) Asst. Professor, University of 
Tennessee, Knoxville, Tenn. 

WALTER BEERMAN, B.S.M.E. (Michigan) Con- 
sulting Engineer, 332 West 46th Street, 
New York, N. Y. 

Z. W. BrrnBauM, Ph.D.(Lwow) Professor, 
University of Washington, Seattle, Wash. 

J. A. Boose, B.S.(St. Ambrose) Instructor, 
Spalding Institute, Peoria, Ill. 

J. H. Braun, Student, Illinois Institute of 
Technology, Chicago, III. 

ALBERT Brown, Student, Wayne University, 
Detroit, Mich. 

H. W. Burnette, M.S.(Georgia) Instructor, 
Alabama Polytechnic Institute, Auburn, 
Ala. 

W.O. BuscuMan, M.Ed.(Oregon) Instructor, 
Vanport Extension Center, Portland, Ore. 


J.G. CaMPBELL, Student, University of Ken- 
tucky, Lexington, Ky. 

H. P. Carter, M.A.(Vanderbilt) Instructor, 
David Lipscomb College, Nashville, Tenn. 

E. W. Corrin, B.S.(Maryland) 705 18th 
Street N. W., Washington, D. C. 

Cart ConHEN, M.A.(Harvard) Instructor, 
Cambridge Junior College, Mass. 

G. J. Cortty, M.A.(Columbia) Asst. Pro- 
fessor, Northwestern State College, Natchi- 
toches, La. 

PAULINE E. Crow, M.A. (Pittsburgh) Instruc- 
tor, Carnegie Institute of Technology, Pitts- 
burgh, Pa. 

D. A. Daruinec, Ph.D.(C.1.T.) Asst. Profes- 
sor, University of Michigan, Ann Arbor, 
Mich. 

S. L. Day, M.E.(Pratt) Senior Draftsman, 
Century Projector Corporation, Long 
Island City, N. Y. 

R. C. DrPrima, B.S.(Carnegie) Grad. Stu- 
dent and Part-time Instructor, Carnegie 
Institute of Technology, Pittsburgh, Pa. 

GENEVIEVE H. Drxon, M.A.(Buffalo) Com- 
puter, Bell Aircraft Corporation, Niagara 
Falls, N. Y. 

M. P. Dossry, M.S.(Texas) Asso. Professor, 
Southwestern Louisiana Institute, Lafay- 
ette, La. 
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Davin E Ph.D.(Missouri) Asst. Pro- 
fessor, University of Florida, Gainesville, 
Fla. 

FRANK EpstTeE1n, M.A.(Columbia) Instructor, 
New York State Institute of Applied Arts 
and Sciences, Brooklyn, N. Y. 

J. J. Fiscuer, M.S. (Illinois Inst. of Tech.) 
Instructor, Morgan Park Junior College, 
Chicago, III. 

Joyce B. FriepMAN, B.A.(Wellesley) Mathe- 
matician, George Washington University, 
Washington, D. C. 

W. H. From, B.A.(Virginia) Grad. Student, 
University of Virginia, Charlottesville, Va. 

R. A. GAMBILL, Student, Butler University, 
Indianapolis, Ind. 

C. F. Gayton, Jr., B.S.E.E.(Nebraska) In- 
structor, Electronic Radio Television In- 
stitute, Omaha, Nebr. 

Mase E., Greco, B.S.(East Tennessee S.C.) 
Teacher, Church Hill School, Tenn. 

VioLtet G. HACHMEISTER, Ph.D. (Wisconsin) 
Asst. Professor, Kansas State College, 
Manhattan, Kans. 

HELEN V. Hammar, B.S. (Illinois Inst. of Tech.) 
Mathematician, Navy Department, David 
Taylor Model Basin, Washington, D. C. 

C. V. HANNAN III, Maintenance Technician, 
Civil Aeronautics Administration, Kansas 
City, Mo. 

Lena L. Hays (Mrs. A. Z.), M.E.(Texas 
Tech.) Instructor, Abilene Christian Col- 
lege, Tex. 

P. W. Heaty, Ph.D.(Kentucky) Asso. Pro- 
fessor, Southwestern College, Winfield, 
Kans. 

J. J. Henricx, Student, Texas Christian 
University, Ft. Worth, Tex. 

MELVIN HENRIKSEN, M.S.(Wisconsin) Grad. 
Assistant, University of Wisconsin, Madi- 
son, Wis. 

H.A. Hit, B.S.(U. of Washington) R.F.D.1, 
Box 41, Freewater, Ore. 

H. H. Hinman, A.M.(Columbia) Asst. Pro- 
fessor, City College of the City of New 
York, N. Y. 

D. B. Hoacianp, M.A.(Missouri) Instructor, 
Trenton Junior College, Mo. 

Dorotuy S. Hooper, (Mrs. W. J.), M.A. (Cali- 
fornia) Professor, The Principia College, 
Elsah, Ill. 

J. D. Houston, Jr., B.S.(Clark C.) Teacher, 
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Westside Senior High School, Talladega, 
Ala. 

W. H. Incram, M.Sc.(Cantab) 150 Clare- 
mont Avenue, New York, N. Y. 

S. L. Jamison, Ph.D. (California) Asst. Pro- 
fessor, Florida State University, Talla- 
hassee, Fla. 

T. M. Jasper, M.A.(Texas Tech.) Asst. Pro- 
fessor, Arlington State College, Tex. 

R. H. Jounston, B.S.Ed.(Miami U.) In- 
structor, Miami University, Oxford, Ohio 

R. M. Jounston, M.A.(Tulsa) Teacher, Tulsa 
Public Schools, Okla. 

L. H. Kanter, Ph.D.(Stanford) Asso. Pro- 
fessor, Mississippi State College, Miss. 

J. S. Kuen, M.S.(M.1.T.) Instructor, Wil- 
liams College, Williamstown, Mass. 

W.S. Knicut, Student, University of Georgia, 
Athens, Ga. 

J.H. Lawrence, M.Ep.(Oklahoma) Teacher, 
Okemah High School, Okla. 

W. D. Linpstrom, B.A.(Iowa) Instructor, 
University of lowa, Iowa City, Iowa 

Roy Lone, Student, University of Georgia, 
Athens, Ga. 

R. C. Lynpon, Ph.D.(Harvard) Asst. Pro- 
fessor, Princeton University, N. J. 

B. W. Marks, B.S.(Texas Western C.) In- 
structor, Midland High School, Tex. 

M. M. McFartanp, A.A. (Santa Monica City 
C.) Party Chief (Surveyor), Engineering 
Service Corporation, Los Angeles, Calif. 

A. G. McGtasson, B.S.(Eastern Kentucky 
S.C.) Instructor, Eastern Kentucky State 
College, Richmond, Ky. 

J. E. Mejra, E. E.(Rensselaer) Chief, Bridge 
Division, Highway Department, SanSalva- 
dor, El Salvador 

A.V. MELGarR, Secretary, Banco Internacional 
del Peru, Arequipa Branch, Peru 

D. S. MERRILEEsS, B.A.(Syracuse) Grad. Stu- 
dent, Indiana University, Bloomington, 
Ind. 

N.H. Mewatpt, M.A.(Wisconsin) Asso. Pro- 
fessor, Northern State Teachers College, 
Aberdeen, S. D. 

HERMAN MEvyER, Ph.D.(Chicago) Chairman, 
Department of Mathematics, University of 
Miami, Coral Gables, Fla. 

V. A. Micutka, M.S.(Texas Tech.) In- 
structor, Frank Phillips College, Borger, 
Tex. 
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B. E. M.A.(Louisiana) Grad. 
Assistant, University of Wisconsin, Madi- 
son, Wis. 

L. J. Morpett, M.A.(Cambridge, England) 
Visiting Professor, University of Pennsyl- 
vania; Sadleirian Professor of Pure Mathe- 
matics, Cambridge University, England. 

Morris Morpucnow, D.Ae.E. (Poly. Inst. of 
Brooklyn) Asst. Professor, Polytechnic 
Institute of Brooklyn, N. Y. 

J. T. Morse, Student, Case Institute of 
Technology, Cleveland, Ohio 

A. R. Nastr, M.A.(Panjab) Asst. Professor, 
Punjab College of Engineering and Tech- 
nology, Lahore, Pakistan 

C. J. OBER1st, M.A.(Columbia) Mathematics 
Section Chief, U. S. Merchant Marine 
Academy, Kings Point, N. Y. 

R. Js Oravec, M.S.(Case) Instructor, Fenn 
College, Cleveland, Ohio 

D. S. Park, A.B.(Tufts) 507 Beacon Street, 
Boston, Mass. 

R. G. PrecHan, Student, Central Michigan 
College of Education, Mount Pleasant, 
Mich. 

M. T. Prnerro, B.S. (Instituto de la Habana) 
Blanquizar 112, Luyano, Havana, Cuba. 

W. B. Pitt, Student, Moorestown Friends’ 
School, N. J. 

D. J. Price, Ph.D.(London) Lecturer, Uni- 
versity of Malaya, Singapore, Malaya 

P. H. Renton, M.S.(Pittsburgh) Dean of 
Instruction, West Virginia Institute of 
Technology, Montgomery, W. Va. 

W. D. Rice, M.A.(Illinois) Head, Depart- 
ment of Mathematics, Olivet Nazarene 
College, Kankakee, III. 

S. L. Ross, A.M.(Boston U.) Grad. Student, 
Boston University, Mass. 

L.R.ScHaER, Student, University of Buffalo, 
N.Y. 

SistER Mary DeEsorau, B.A.(Seton Hill) 
Instructor, Seton Hill College, Greens- 
burg, Pa. 

J. L. Stoan, M.A.(Duke) Asso. Professor, 
Presbyterian College, Clinton, S. C. 

T. F. Smita, M.A.(Cincinnati) Grad. Stu- 


dent, University of Cincinnati, Ohio 

A. K. Snyper, M.A.(N.Y.U.) Professor, Val- 
ley Forge Military Academy and Junior 
College, Wayne, Pa. 

S. P. SpautpinG, B.S.(Harvard) Grad. Stu- 
dent, Boston University, Mass. 

M. R. SPIEGEL, Ph.D.(Cornell) Asst. Profes- 
sor, Rensselaer Polytechnic Institute, 
Troy, N. Y. 

E. T. StapLerorp, M.A.(Ohio State) In- 
structor, Kent State University, Ohio 
ANDREW STERRETT, JR., M.S. (Pittsburgh) 
Acting Instructor, Ohio University, Ath- 

ens, Ohio 

H. C. Stotz, A.M.(Boston U.) Asso. Profes- 
sor, U.S. Naval Academy, Annapolis, Md. 

P. Y. Tant, B.S.(Stanford) Grad. Student, 
Stanford University, Calif. 

F. H. Taytor, B.S. in Ed.(Bucknell) Grad. 
Assistant, Case Institute of Technology, 
Cleveland, Ohio 

RutH F. Terry, M.A.(Duke) Asst. Professor, 
Florida Southern College, Lakeland, Fla. 

J. I. Taicpen, M.S.(North Carolina S.C.) 
Chemical Engineer, Hercules Powder Com- 
pany, Experiment Station, Wilmington, 
Del. 

G. B. Tuomas, Jr., Ph.D.(Cornell) Asso. 
Professor, Massachusetts Institute of 
Technology, Cambridge, Mass. 

Evetyn L. M.A.(Illinois) Instruc- 
tor, Springfield Junior College, Ill. 

L. R. Van DEvENTER, M.S. (Illinois) Asst. 
Professor, Eastern Illinois State College, 
Charleston, III. 

M. H. Vann, B.S.(Berry C.) Instructor, 
Reinhardt College, Waleska, Ga. 

ELEANOR R. VELEK, B.A.(Carleton) First 
National Bank, Chicago, III. 

S. S. Watters, Ph.D.(U.C.L.A.) Mathe- 
matician, The Rand Corporation, Santa 
Monica, Calif. 

J. A. Wetss, M.A.(Ohio State) Instructor, 
University of Wyoming, Laramie, Wyo. 

E. M. Zaustinsky, A.B.(U.C.L.A.) Grad. 
Student, University of Southern Cali- 
fornia, Los Angeles, Calif. 


SPRING MEETING OF THE MICHIGAN SECTION 


The Spring Meeting of the Michigan Section of the Mathematical Associa- 
tion of America was held at the University of Michigan, Ann Arbor, Michigan, 
on March 25, 1950, in connection with the Annual Meeting of the Michigan 
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Academy of Science, Arts, and Letters. Professor L. E. Mehlenbacher, Chair- 
man of the Section, presided at both morning and afternoon sessions as well as 
at the business meeting held immediately following the luncheon. 

A total of one hundred and nineteen persons registered for the sessions in- 
cluding the following eighty-three members of the Association: Bess E. Allen, 
N. H. Anning, J. W. Baldwin, W. D. Baten, F. A. Beeler, J. E. Bellardo, C. J. 
Blackall, Harold Blair, Richard Brauer, C. H. Butler, W. H. Cain, C. D. Cal- 
hoon, C. R. Carr, R. E. Carr, R. V. Churchill, C. J. Coe, H. B. Coleman, A. H. 
Copeland, P. C. Cox, J. W. Coy, C. C. Craig, J. W. Crispin, Jr., Wayne Dancer, 
Violet B. Davis, D. E. Deal, M. L. DeMoss, P. S. Dwyer, P. W. Edmonson, 
Paul Erdis, K. W. Folley, R. W. Frankel, G. W. Grotts, V. G. Grove, H. H. 
Hannon, Frank Harary, G. E. Hay, Fritz Herzog, T. H. Hildebrandt, E. E. 
Ingalls, L. A. Jehn, L. G. Johnson, L. S. Johnston, P. S. Jones, L. M. Kelly, A. 
E. Lampen, Leo Lapidus, H. D. Larsen, C. C. MacDuffee, G. E. Markle, Elna 
B. McBride, E. D. McCarthy, L. E. Mehlenbacher, D. C. Morrow, H. W. Nace, 
A. L. Nelson, J. D. Novak, R. H. Oehmke, F. F. Otis, R. S. Pate, Mary H. 
Payne, G. Y. Rainich, E. D. Rainville, P. H. Raker, L. L. Rauch, F. A. Reiber, 
C. C. Richtmeyer, D. D. Rippe, J. P. Roth, E. H. Rothe, L. J. Rouse, K. C. 
Schraut, Jeanette H. Sherwood, Sister Mary Paula, W. F. Smith, T. H. South- 
ard, J. G. Sowul, R. L. Spencer, E. M. Steinbach, B. M. Stewart, Lois Martin 
Suprock, P. C. Sweetland, R. M. Thrall, Leonard Tornheim. 

The morning session and luncheon were attended by many of the under- 
graduates who came for the Undergraduate Mathematics Conference which in 
the afternoon met in a session separate from that of the Michigan Section of the 
Association. This conference was organized and sponsored by the Michigan 
Beta Chapter (Wayne University) of Kappa Mu Epsilon in collaboration with 
the officers of the Michigan Section of the Association. Students were invited 
from all colleges in Michigan and some in Ohio and Indiana whether or not they 
had chapters of Kappa Mu Epsilon. Eight undergraduate papers were presented 
by students from six colleges. 

At the business meeting Professor C. C. Richtmeyer reported that the first 
printing of the guidance pamphlet and chart A Mathematics Student—To Be or 
Not to Be? which his committee had prepared for free distribution to Michigan 
high schools had been exhausted. A continuing demand had lead the officers to 
reprint the pamphlet for distribution at a charge of ten cents. Continuing sales 
have returned a slight profit to the Section. At Professor Richtmeyer’s sugges- 
tion his committee was discharged, but it was recommended that the officers of 
the section appoint a new committee to explore other possibilities for improving 
the relationships between secondary school and collegiate mathematics instruc- 
tion. 

The nominating committee consisting of Professors A. L. Nelson, E. E. 
Ingalls, and L. J. Rouse reported the names of Professor D. C. Morrow, Wayne 
University, for 1950-51 Chairman, and Professor P. S. Jones, University of 
Michigan, for Secretary-Treasurer. They were elected unanimously. 
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The next annual meeting of the Section was set for March 24, 1951, at 
Michigan State College in East Lansing, Michigan. 

The following papers were presented at the morning and afternoon sessions: 

1. The mathematical determination of “X” stress factors for involute spur gears, 
by Mr. L. G. Johnson, Research Laboratories Division, General Motors Cor- 
poration. 

In determing the bending stress at the fillet of an involute spur gear tooth, it is customary 
to make a layout in order to determine the so-called “X factor, or “tooth form factor.” Mr. John- 
son presented the mathematics involved in such a procedure, together with a method of solving its 
equations. By so doing, he eliminated the necessity of making time-consuming layouts in any such 
gear stress determination. 


2. The solution of differential equations by means of an electronic analogue 
computer, Mr. H. B. Coleman, Aeronautical Research Center, University of 
Michigan. 

Mr. Coleman presented a general description of the construction of an electronic analogue 
computer, the operation of the components which perform integration and differentiation as well 
as the fundamental arithmetic operations, and finally its use in solving several types of first and 
second order differential equations. 


3. How may collegiate mathematicians assist high school teachers in stimulat- 
ing their students, Professor K. C. Schraut, University of Dayton. 


Professor Schraut told of a program for encouraging secondary school students to strive for 
superior academic achievement, especially in mathematics, and for bringing to them an apprecia- 
tion of the importance of mathematics in our cultural advancement. The major feature has been 
the organization and promotion of The National Mathematics Honor Society of Secondary 
Schools. 


4. A vector proof of the Pascal theorem, Professor G. Y. Rainich, University 
of Michigan. 


Projective geometry is considered as the study of properties invariant under projections of a 
plane w immersed in a euclidean three-space. It is treated in terms of vectors with a common initial 
point O of w. A point A is represented by a vector, also denoted by A, of the line OA; a line—by 
a vector perpendicular to the plane containing that line and O. Vectors differing by a scalar factor 
represent the same object (point or line of w). The vector product of two vectors representing 
points represents their join. Incidence of point and line is expressed by vanishing of the inner prod- 
uct of vectors representing them. Vanishing of triple (scalar) product means collinearity (or con- 
currence). Six points are called Pascalian if the meets of the opposite sides of the hexagon de- 


termined by them are collinear. Using the rules of operations on vectors it is proved that the - 


Pascality of ABCDEF is equivalent to the equality of certain two fractions A* and B* whose 
numerators and denominators are each a product of two triple products whose factors are the 
given points. (Independence of the Pascality of six points on their order is a consequence of struc- 
ture of the above equality.) Interpreting these triple products in terms of volumes of tetrahedra 
with common vertex at O we find that A* gives the cross-ratio of the joins of A with C, D, E, and 
F, and B* gives the same for B, so that Pascality of the six points is equivalent to the equality of 
these cross-ratios. Noticing that if six points are on a circle these cross-ratios are equal because of 
the equality of the angles between the corresponding joins, we conclude the Pascality of six co- 
circular points; and considering a conic as the projection of a circle, to the Pascal theorem. 


5. Four squares, Professor N. H. Anning, University of Michigan. 
Drawing his motivation from the figure of Torricelli in which three equilateral triangles based 


s 
| 
| 


1951] MATHEMATICAL ASSOCIATION OF AMERICA 69 


on the sides of an arbitrary triangle lead to a fourth equilateral triangle, Professor Anning pre- 
sented a number of properties of four squares related to an arbitrary triangle. His paper will ap- 
pear in full in the Fall 1950 issue of The Pentagon. 


6. The two-area covering problem, Professor B. M. Stewart, Michigan State 
College. 
This paper will appear in full in this MONTHLY. 


7. Cross-purposes in education, Professor C. C. MacDuffee, University of 
Wisconin. 

In his hour talk delivered at the invitation of the officers of the section, Professor MacDuffee 
attacked excessive emphasis on a restricted type of “functionalism” in the design of secondary 
school programs. He advocated at least two high school curricula in order that superior students 
may be educated for leadership through a program involving “some degree of difficulty and sub- 
stance.” 

He felt that inspiring teachers are essential for that education which opens new vistas and 
develops “the power to understand, to correlate, and to appreciate” in an atmosphere of intel- 
lectual fun. To attract such teachers every possible effort should be made to make the position of 
teacher an important one in the community. 

Professor MacDuffee recommended that each Section of the Association concern itself with 
educational problems within its borders and support an active committee to this end. 


8. Nicholas Pike and his arithmetic, Professor E. E. Ingalls, Albion College. 


Professor Ingalls told of the life of Nicholas Pike and the times in which he lived. His com- 
ments on the recommendations for Pike’s Arithmetic included an interesting letter from George 
Washington which Professor Ingalls found quoted in a History of Newburyport published in 1854. 


9. Oscillation of a third order non-linear autonomous system, Professor L. L. 
Rauch, Department of Aeronautical Engineering, University of Michigan. 


This paper was presented by title at the 1949 Summer Meeting of the American Mathematical 
Society. An abstract appears in the Bulletin of the American Mathematical Society, vol. 55, 1949, p. 
1062. 


10. The quadric of Lie, Professor V. G. Grove, Michigan State College. 


Let S be a surface, generated by a point P. It is well known that given a line / lying in the 
tangent plane m of S at P, the reciprocal /’ of / with respect to any quadric of Darboux may be 
defined without using any of the quadrics of Darboux. On / there is set up in a simple manner a 
family of projectivities between its points. Among these projectivities is one involution, which 
involution determines a point P; on /’ in a manner involving the construction of the family of 
projectivities. Dually there is set up a family of projectivities between the planes through /’. 
Among these projectivities is one involution, which involution determines dually a plane through 
l. This plane intersects /’ in a point P2. The locus of the harmonic conjugate of P with respect to 
P,, P2 as 1 varies in x is the quadric of Lie of S and P. 


11. Unified control-check of the calculation of coeficients in harmonic analysis 
by the method of least squares, Dr. Hugo Mandelbaum, Wayne University. 


Dr. Mandelbaum’s procedure effects a considerable saving in time and effort by a simultane- 
ous calculation of two sets of equations in one operation which also provides for a check on the 
calculation. 


P. S. Jones, Secretary 
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APRIL MEETING OF THE TEXAS SECTION 


The annual meeting of the Texas Section of the Mathematical Association of 
America was held at Abilene, Texas, on April 14-15, 1950, sponsored jointly by 
Abilene Christian College, Hardin-Simmons University, and McMurry College. 
Sessions were held Friday afternoon and Saturday morning, H. J. Ettlinger and 
C. A. Murray presiding. A dinner was given Friday evening at McMurry Col- 
lege at which L. W. Ramsey of Texas Christian University gave an illustrated 
talk on A Mathematician’s Hobby, and Dr. A. S. Householder of Oak Ridge 
Institute of Nuclear Studies, gave an address on Mathematics and Science. 

Among the seventy-nine persons who registered were the following thirty- 
two members of the Association: Ina M. Bramblett, H. E. Bray, H. D. Brunk, 
J. E. Burnam, L. A. Colquitt, J. V. Cooke, H. J. Ettlinger, E. H. Hanson, E. A. 
Hazelwood, E. R. Heineman, J. J. Henrick, J. M. Hurt, T. M. Jasper, Fay H. 
Johnson, Hazel L. Mason, Dorothy McCoy, E. D. Mouzon, M. E. Mullings, 
C. A. Murray, H. C. Parrish, C. B. Rader, L. W. Ramsey, C. R. Sherer, F. W. 
Sparks, D. W. Starr, W. G. Stokes, Jennie L. Tate, H. E. Taylor, F. E. Ulrich, 
R. S. Underwood, B. B. Williams, H. E. Woodward. 

At the business meeting the following officers were elected for the coming 
year: Chairman, C. A. Murray, West Texas State College; Vice-Chairman, D. 
W. Starr, Southern Methodist University; and Secretary-Treasurer, C. R. 
Sherer, Texas Christian University. 

The first six papers were given Friday afternoon, and the remaining papers 
and the panel discussion were given Saturday morning. 


1. Functions of three variables—a geometric interpretation, by R. S. Under- 
wood, Texas Technological College. 


Given the coordinate system consisting of a U-axis perpendicular to the 3-axes plane at the 
origin, it can be shown that the locus of the equation U=f(x, y, 2) is in general a solid such as, 
for example, a filled paraboloid. If we represent by Z the special values of U for points on the 
bounding surface, and are able to find the equation, Z= F(X, Y), of this surface in terms of 
rectangular coordinates, we may obviously replace the analytic tests for maxima and minima of 
the function of three variables by the simpler tests concerning two variables. 

The transformation is effected as follows: We replace x, y, and z by t, S+X—t, and S—X+# 
respectively, and thus get U in terms of X, S, and ¢. (For convenience, S is used in place of Y/4/3. 
Next we set du/dt=0, solve for ¢, and substitute this value of ¢ in the equation U=G(X, S, #), at 
the same time replacing U by Z. 

Exceptionally the locus of U=f(x, y,z) is already a surface. This occurs when Uy = U,+U,. In 
such cases the foregoing substitutions yield U;=Z = F(X, S) directly. 


2. On the relation between the singularities of the two series ) an2", > 2"/dn, 
by S. Agmon, The Rice Institute, introduced by the Secretary. 

Let f(z) be an analytic function in the whole plane cut along the line 1Sx<~, and let its 
development into Taylor series in the unit-circle be f (z)= ; ell a,2". Suppose that a,+#0, n 
=0, 1,--+, and lim |a,|""=1. Put f*(2)= *_, Obviously f*(z) is analytic in the unit 
circle. Moreover, the boundary of the star of analyticity of f*(s) is of a very simple character. 
Thus, denoting by p(@) the distance from the origin to the first singularity of f*(z) along the ray 
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arg z=0, there exist two numbers a, b, OSaS ~, 0SbS~, such that p(@)=min (e**, 
for 0<@<2z and p(0) =1. 

In particular, if both a and 0 are finite, f*(z) is analytic in a simply connected region bounded 
by two spiral arcs and having the boundary for a natural cut. 


3. Some recent developments in the theory of abstract semi-groups, by J. M. 
Hurt, University of Texas. 

Certain recent developments in the theory of abstract semi-groups such as the work of A.H. 
Clifford and D. D. Miller on zeroid elements, and of A. H. Clifford on minimal ideals, were dis- 
cussed. The concept of unitoid element as defined by the author was presented, and a few facts 
about semi-groups having such elements were established. The power of the new theory was dem- 
onstrated by proving several theorems of which the following is typical: A semigroup containing a 
left-cancellable zeroid element is a group. 


4. Determination of type and properties for a class of Riemann surfaces, by 
H. E. Taylor, The Rice Institute. 


The construction of a class of open, simply connected Riemann surfaces was described. Each 
member of the class is topologically equivalent to a semi-infinite cylinder. It can be proved that 
each member of the class is parabolic and the mapping function has the form f(z) =/¢f’(t)dt and 
f'() (1 —2/ax) (1 —2/Bx)/(1 —2/ve)? with ag, Be, ve real, and <Ye41<Be <r <0 <a <a, =1 


5. Loct of parametric equations on planes of three and four axes, by Mrs. A. 
Hays, Abilene Christian College, introduced by the Secretary. 


This paper gave a brief report of the type of conic represented by certain parametric equa- 
tions in three and four variables, and by the use of charts showed how the loci of these equations 
could be plotted on planes of three and four axes. 


6. The possibilities of weird boundary behavior of analytic functions, by G. R. 
MacLane, The Rice Institute, introduced by the Secretary. 


7. The tangent in drawing conic sections in analytic geometry, by M. E. 
Mullings, Abilene Christian College. 


In a first course in analytic geometry, the quantities a, b, c, d, e, p, and FW are used with 
the theorem: The tangents at the ends of a latus rectum of a conic section entersect each other at 
the intersection of the directrix and axis of symmetry, and have slopes numerically equal the eccen- 
tricity; to construct geometrically points and tangents in drawing conic sections. This gives eight 
points and tangents in the ellipse, and six and the asymptotes in the hyperbola. 


8. The effects of the Gilmer-Aiken law on mathematics teachers, by J. V. Cooke, 
North Texas State College. 


9. Panel discussion-freshman mathematics, by E. R. Heineman, and E. A. 
Hazelwood, Texas Technological College, and C. R. Sherer, Texas Christian 
University. 

The discussion dealt with the following topics: (1) What should we do with the poorly pre- 
pared student; (2) What should we do with the gifted student; (3) How can we get the gifted stu- 
dent to take more mathematics. 

C. R. SHERER, Secretary 
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APRIL MEETING OF THE OHIO SECTION 


The thirty-fourth annual meeting of the Ohio Section of the Mathematical 
Association of America was held at Denison University, Granville, Ohio, on 
Saturday, April 22, 1950. Professor E. P. Vance, Chairman of the Section, 
presided at the morning and afternoon sessions. 

One hundred and thirty-nine persons registered attendance, including the 
following ninety-five members of the Association: J. E. Adney, Jr., C. E. Amos, 
P. R. Annear, R. P. Bacon, Grace M. Bareis, I. A. Barnett, H. M. Beatty, 
Theodore Bennett, W. D. Berg, Henry Blumberg, A. P. Boblett, Foster Brooks, 
O. E. Brown, W. B. Brown, C. D. Calhoon, V. B. Caris, Dorothy I. Carpenter, 
W. F. Cornell, Wayne Dancer, J. E. Darraugh, R. C. Davis, B. B. Dressler, 
O. L. Dustheimer, E. R. Epperson, Paul L. Evans, Rudolf Feige, G. R. Glabe, 
E. L. Godrey, G. Graff, L. J. Green, P. E. Guenther, S. W. Hahn, Marshall Hall, 
Jr., E. H. Hanson, E. E. Haskins, P. S. Herwitz, F. V. Higgins, L. C. Hill, 
Clarice S. Hobensack, R. Y. Iwanchuk, S. J. Jasper, E. D. Jenkins, M. L. 
Johnson, Margaret E. Jones, John Kaiser, Chosaburo Kato, L. C. Knight, Jr., 
A. C. Ladner, F. C. Leone, H. D. Lipsich, L. L. Lowenstein, W. C. Lowry, 
R. C. Luippold, H. R. Mathias, Margaret Mauch, S. W. McCuskey, E. J. 
Mickle, L. H. Miller, C. C. Morris, Max Morris, J. R. Musselman, D. J. Myatt, 
Helen Olney, P. M. Pepper, C. F. Pinzka, H. S. Pollard, Tibor Rado, S. E. 
Rasor, P. V. Reichelderfer, R. F. Rinehart, D. L. Robb, S. A. Rowland, Charles 
Saltzer, W. C. Sangren, K. C. Schraut, Samuel Selby, R. W. Shoemaker, 
Edward Silverman, Mary Emily Sinclair, G. W. Spenceley, V. C. Stechschulte, 
R. L. Swain, H. E. Tinnappel, C. W. Topp, W. R. Transue, Bryant Tuckerman, 
E. P. Vance, W. R. Van Voorhis, R. W. Wagner, R. E. Walters, M. E. White, 
D. R. Whitney, F. B. Wiley, C. O. Williamson, Alberta Wolfe. 

The following officers were elected for the coming year: Chairman, V. C. 
Stechschulte, Xavier University; Secretary-Treasurer, Foster Brooks, Kent 
State University; Member of the Executive Committee, D. R. Whitney, Ohio 
State University; Program Committee: L. C. Knight, Jr., Muskingum College 
(Chairman), H. R. Mathias, Bowling Green State University, W. R. Transue, 
Kenyon College. 

The following papers were presented: 

1. A different approach to the study of circular functions, by Professor E. P. 
Vance, Oberlin College. 

A frequent source of confusion in any study of the circular functions is the meaning of sin x, 
cos x, and so forth, when x is a general real variable. This speaker presented a method for defining 
these circular functions as functions of a real variable by using the unit circle and the notion of arc 


length rather than ratios as intuitively given. The development of the whole of elementary trigo- 
nometry was outlined by using this method. 


2. An elementary approach to the summation of divergent series, by Dr. H. D. 
Lipsich, University of Cincinnati. 
Ordinarily a student’s first contact-with summability occurs when he is confronted with the 
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Leibniz series, which is shown to be summable by the method of arithmetic means. This paper 
provides an introduction to the theory of divergent series via the transformation defined by 


Sa» 
m+1 


where m is a fixed non-negative integer. The problems of relative regularity, Tauberian theorems, 
necessary conditions for summability, and a limiting summability ‘method, are all solved in ex- 
tremely elementary fashion, and illustrated by means of sequences consisting of zeros and ones, 
corresponding to generalized series of the Leibniz type. The paper concludes with remarks and 
results concerning extension of the definition to negative values of m. 


3. A note on Mordell’s equation, by Professor Marshall Hall, Ohio State Uni- 
versity. 


Mordell’s equation x*—y*=k has been shown unsolvable in integers for various values of k, 
by means of criteria depending on quadratic residues. It is shown here that cubic residues may 
also be used in a similar way. For example, writing x*—y*=77 in the form x?—2 =y?+3 - 5? we may 
show that no solutions exist. 


4. On the circumcircle and the circumhyperbola of a triangle, by Professor J. R. 
Musselman, Western Reserve University. 


The geometry of the triangle is enriched by considering not only the circumcircle of triangle 
A,A;2A; but also its circumhyperbola—a rectangular hyperbola with asymptotes in a fixed direc- 
tion. The speaker showed the existence of a line analagous to the Euler line on which lie C, the 
center of the circumhyperbola; G, the centroid of A142A;; N', the center of the nine-point hyper- 
bola, and H', the point of concurrence of the antiparallels to the three altitudes of A:42A; as to the 
asymptotes. Various properties of this point H! were discussed, including the following theorem 
“the three lines drawn from any point on the hyperbola parallel to A;H' cut the sides A;A;z in three 
collinear points.” 


5. Some modern Italian mathematicians, by Professor Emilio Baiada, Uni- 
versities of Pisa and Cincinnati (Professor Baiada’s address was presented by 
invitation of the Program Committee). 

The speaker discussed the lives and works of mathematicians working in Italy in recent years. 


6. Spherical harmonic, cylindrical harmonic, and elliptic integral solutions of a 
potential problem, by Professor R. P. Bacon, Miami University. 


The problem of the potential due to a uniform circular lamina is solved in the spherical polar 
coordinate system and the cylindrical coordinate system. Results are then degenerated into the 
plane of the lamina, where they are shown to be identical to each other and to a third solution by 
elliptic integrals. The transformations used for the most part are relations between a Bessel 
integral and a hypergeometric function and the expression of the complete elliptic integrals of the 
first and second kind as hypergeometric functions. 


7. On homogeneous linear matrix forms, by Professor R. W. Wagner, Oberlin 
College. 


This speaker discussed the lack of uniqueness in the multipliers of a linear homogeneous 
matrix form f(X) = ).A;XB,. Of the five theorems in the paper the important ones are (1) that the 
above form and the form f’(X) = }.A,XB, are identically equal if (I) A,;= DiaiA;, if (IDB, 
= >°d;;B;, and if (III) SCarib-;=8;;; and (2) a partial converse that if the forms are identically 
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equal (III) is a consequence of (I) and (II) and the linear independence of the two sets of multi- 
pliers A; and B,. 


8. Rapidly converging expressions for sin x, cos x, sinh x, and cosh x, by Mr. 
L. C. Hill, Miami University. 


In this Montaty, April, 1949, Professors C. L. Seebeck, Jr., and P. M. Hummell, University 
of Alabama, developed a generalized Taylor’s expansion for f(x). Applying this directly to sin x 
raises some algebraic difficulties which can be avoided by beginning with e*. The resulting expres- 
sion for e? in the form P;(x)/P2(x) is a rapidly converging quotient. With this, and allied expres- 
sions for e~*, e*, e~**, one can obtain equally rapidly converging expressions for sin x, cos x, sinh x, 
cosh x, in a similar quotient form. It was further found that precisely these expressions can be ob- 
tained by the continued fraction development of e* given, for example, in H. S. Wall’s Continued 


Fractions. 


9. A new course for mathematics majors, by Professor O. L. Dustheimer, Uni- 


versity of Toledo. 


This speaker outlined a general course, covering certain selected subjects in mathematics, 
recently given by the auther at the University of Toledo. 


FosTER Brooks, Secretary 


CALENDAR OF FUTURE MEETINGS 


Joint Meeting with American Society for Engineering Education, Michigan 
State College, East Lansing, June 25-26, 1951. 
Thirty-second Summer Meeting, University of Minnesota, Minneapolis, 


September 3-4, 1951. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHANY Mowuntaln, Duquesne University, 
Pittsburgh, Pennsylvania, May, 1951. 
ILunots, University of Illinois, Urbana, May 
11-12, 1951. 

INDIANA, May 5, 1951. 

Iowa, Wartburg College, Waverly, April 20- 
21, 1951. 

KANSAS 

Kentucky, Eastern Kentucky State College, 
Richmond, April 28, 1951. 

Mississippi State Col- 
lege, State College, February 16-17, 1951. 

MARYLAND-DiIsTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw York, Spring, 1951. 

MicHiIGAN, Michigan State College, East 
Lansing, March 24, 1951. 

Minnesota, College of St. Benedict, St. 
Joseph, April 28, 1951. 

Missourt, Central College, Fayette, Spring, 
1951. 


NEBRASKA, University of Nebraska, Lincoln, 
May 5, 1951. 


NORTHERN CALIFORNIA, University of San 
Francisco, January 27, 1951. 

Ox10, Ohio State University, Columbus, April 
21, 1951. 

OKLAHOMA 

Paciric NORTHWEST, State College of Washing- 
ton, Pullman, June 15, 1951. 

PHILADELPHIA 

Rocky Mountain, Colorado State College of 

Education, Greeley, April, 1951. 

SOUTHEASTERN, Vanderbilt University and 
Peabody College, Nashville, Tennessee, 
March 16-17, 1951. 

SouTHERN Ca.irorniA, Whittier College, Whit- 
tier, March 10, 1951. 

SOUTHWESTERN, University of New Mexico, 
Albuquerque, Spring, 1951. 

Texas, Southern Methodist University, Dal- 
las, Spring, 1951. 

Upper NEw York Strate, Hamilton College, 
Clinton, May 5, 1951. 

Wisconsin, Carroll College, Waukesha, May, 
1951. 
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Now ready- 
A new text by WILLIAM L. HART 


ollege Trigonometry 
WITH LOGARITHMIC AND TRIGONOMETRIC TABLES 


A substantial treatment of plans and spherical trigonom- 
etry, of moderate length, incorporating distinctly collegiate 
viewpoints. 


COMMENCES with an introductory chapter on the trigono- 
metric functions of the general angle. 


EMPHASIZES analytic trigonometry, oriented for application 
in later mathematics. 


PRESENTS a mature and well-rounded treatment of numeri- 
cal plane trigonometry. 


OFFERS a satisfactory foundation in spherical trigonometry, 
including a reasonable number of elementary applications. 


INCLUDES the author’s extensive Logarithmic and Trigono- 
metric Tables, revised by the addition of a six-page table of 
haversines and their logarithms. 


THE TYPE is exceptionally large and open, and the format 
generally appealing. 


Text pages: PLANE TRIGONOMETRY, 151 p. 
COMPLEX NUMBERS AND APPENDIX, 21 p. 
SPHERICAL TRIGONOMETRY, 35 p. 
Tables, 130 p. 


D. C. HEATH AND COMPANY 


285 COLUMBUS AVENUE, College Department 
BOSTON 16, MASSACHUSETTS 


| 
: 
4 
| 
| 
| 
: 


BOOK NEWS 


Raymond W. Brink’s 


PLANE TRIGONOMETRY, Revised Edition 


ODERN in purpose and material, conservative in method, this 
widely used text is designed to simplify the approach to analyti- 
cal trigonometry and to emphasize the practical uses of trigonometry. 


PLANE AND SPHERICAL TRIGONOMETRY 


MBINING in one volume all of the material in Brink’s Plane 

Trigonometry and all of the material in Brink’s Spherical Trigo- 
nometry, this book offers a full and interesting course adaptable to 
special needs and situations. 


SPHERICAL TRIGONOMETRY 


PRESENTS a systematic treatment of right and oblique spherical 
triangles, supplemented by illustrative material. Among its features 
are the immediate introduction of the terrestrial sphere; an abun- 


dance of realistic problems; and a lucid treatment of the mil. 


APPLETON-CENTURY-CROFTS, 


35 West 32nd Street 


New York |, New York 


Back Numbers Are Available of the 


AMERICAN MATHEMATICAL 


MONTHLY 


Incomplete Volumes at $1 per Number: 


1-11 (1894-1904) 14 (1907) 19 (1912) 
13 (1906) 17. (1910) 20 (1913) 
(Write for Numbers available) 
Complete Volumes at $10 per Volume: 
12 (1905) 18 (1911) 23 (1916) 
15 (1908) 21 (1914) 24 (1917) 
16 (1909) 22 (1915) 25 (1918) 


Complete Volumes 26-50 (1919-1943) at $8 per Volume 
Complete Volumes 51-57 (1944-1950) at $6 per Volume 


Send orders to: Mathematical Association of America 
University of Buffalo 
Buffalo 14, New York 
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Back in Print 


THE MEANING OF RELATIVITY 


By ALBERT EINSTEIN 


The third edition (revised) including the Generalized Theory of Gravita- 
tion, which appears here as Appendix II. $2.50 


2nd printing now available 


PHILOSOPHY OF MATHEMATICS 
AND NATURAL SCIENCE 


By HERMANN WEYL 


A new printing of the revised and augmented translation of Professor 
Weyl’s “Philosophie der Mathematik und Naturwissenschaft,” which origi- 
nally appeared in Oldenbourg’s Handbuch der Philosophie in 1927. With 
the six new appendices on such subjects as Foundations of Mathematics, 
Ars Combinatoria, Quantum Mechanics, Physics and Biology, and Evolu- 
tion, bringing the work up to date. This is a reprinting of the book first 
published in 1949; it is not a revised edition. $5.00 


PRINCETON UNIVERSITY PRESS 
PRINCETON, NEW JERSEY 
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ADVANCED CALCULUS FOR ENGINEERS 


By Francis B. Hildebrand, Massachusetts Institute of Technology 


This outstanding text offers the technical student of mathematics, engineering or 
physics a background of applied calculus essential to the understanding and ap- 
preciation of new developments in his field. The principal aim of the author is to 
offer necessary facts and methods in an integrated manner. This helps the student 
discover facts through his own reasoning with a minimum of unimportant distrac- 
tions. Questions of mathematical rigor in which the technical student has only 
academic concern are not unduly stressed. In those cases where a rigorous proof 
is omitted, the result is precisely stated and limitations which are practically sig- 
nificant are emphasized. 


Published 1949 594 pages x 


CALCULUS, Revised Edition 


By George E. F. Sherwood and Angus E. Taylor, University of 
California (Los Angeles) 


if 


This comprehensive text is designed to do three things for the students: 


1. give him a good understanding of the wide range of application of calculus 
in science and engineering 


2. make him aware of the logical structure of the subject 
3. train him in the techniques of formulating and solving problems. 


Real understanding is emphasized above mere manipulative skill. Each chapter 
includes a concise introductory paragraph and an equally explicit summary at the 
end. 


In presenting the subject of limits, the text guides the student's understanding by 
laying down definitions and theorems sufficiently precise to make it clear that the 


method of limits is systematic, with development based on logical arguments from 
specific hypotheses. 


Published 1946 568 pages 6" x 9" 


ELEMENTARY DIFFERENTIAL EQUATIONS 


By Sherwood and Taylor 


Supplementing Calculus, Revised Edition, this 66 page booklet shows in its brief 
treatment how differentiation and integration may be used to solve many prob- 
lems in the natural sciences. 172 problems are included. 


Published 1943 "6" x 9" paper bound 
Send for your copies today! 


PRENTICE-HALL, INC. 70 FIFTH AVENUE NEW YORK 11, N.Y. 
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INTERMEDIATE ALGEBRA 


By Paut K. Ress, Louisiana State University, and Frep W. Sparks, Texas 
Technological College. Ready in March 


An exceptionally clear and teachable presentation of intermediate algebra which 
brings the student from a limited background in algebra through simultaneous quad- 
ratic equations; ration, proportion, and variation; logarithms; etc. Topics of par- 
ticular difficulty are considered at length and in detail. 2500 problems, of progressive 
difficulty, are a particular feature of the text. 


COLLEGE ALGEBRA 
By Paut K. Regs and Frep W. Sparks. Second edition. 403 pages, $3.00 


Fresh, stimulating, and logical, this distinctive text presents the review that most 
students need for their college mathematics, and deals with the topics usually cov- 
ered in the freshman course in college algebra, The text includes more than the usual 
number of formal definitions, illustrated by judiciously chosen, carefully explained 
examples. The wealth of problems is a feature of the book. 


FOURIER TRANSFORMS 


By Ian N. Sneppon, University of Glasgow. International Series in Pure and 
Applied Mathematics. In press 


In this text a distinguished British mathematician presents a wealth of useful ma- 
terial, brought together in book form for the first time. The standard subject matter 
of Fourier Series and operational mathematics is extended to cover a great variety of 
applications to problems in engineering and physics. The exposition of the theory 
will appeal equally to pure and applied mathematicians. 


BASIC MATHEMATICAL ANALYSIS 
By H. GLenn Ayre, Western Illinois State College. 589 pages. $5.00 


Offering a broad approach and showing the comprehensive nature of mathematics, 
this text covers the subject matter area of mathematics from the high school level 
to the formal course in elementary calculus. The author has brought together co- 
herently the essentials of algebra, trigonometry, analytics, and a minimum of the 
easier concepts of the calculus. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 
330 WEST 42no STREET, NEW YORK 18, N.~ Y. 
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Published in December 


Elementary Theory of Equations 
By Samuel Borofsky 


A basic text for undergraduate courses in the Theory of Equa- 
tions, this book places more than usual emphasis on algebraic 
properties of polynomials and number fields. Besides teaching 
the basic theories of elementary algebra, the book introduces 
the student to higher algebra. 


Mathematical Engineering Analysis 
By Rufus Oldenburger 

Designed for courses in Engineering Analysis, Engineering 
Physics, and Applied Mathematics at the senior or graduate level, 


this book is entirely devoted to the setting up of engineering 
problems in mathematical form. 


Two Standard Textbooks 


First Year College Mathematics 
With Applications 
By Daus & Whyburn 


This book is a coordinated presentation of college algebra, ana- 
lytical trigonometry and analytic geometry, intended for a single 
course of study in first-year college mathematies, especially in 
engineering and technical schools. $5.00 


Plane and Spherical Trigonometry 
By Rietz, Reilly, & Woods Third Edition 


Following the organization of former editions, this text attempts 
to introduce only one idea at a time and to present the essential 
facts, clearly and simply. In this third edition, new problems 
have been added to challenge all types of students. With Tables, 
$3.00; Without Tables, $2.75 


THE MACMILLAN COMPANY 
60 FIFTH AVE., NEW YORK 11, N.Y. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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